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Leonardo Ramos Póvoad
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Abstract

In this study, we examine a problem faced by a firm that purchases and collects used products

from dealers conducting trade-in or buyback campaigns. This problem is referred to as the

Selective Multi-Depot Vehicle Routing Problem with Pricing (SMDVRPP), a variant of the Multi-

Depot Vehicle Routing Problem that incorporates both traditional routing variables and a pricing

variable dependent on the visited nodes, adding to the problem’s complexity. We propose two

exact approaches for solving the SMDVRPP using branch-cut-and-price algorithms implemented

within the VRPsolver framework. One approach directly addresses the problem, while the other

decomposes it into several subproblems with fixed pricing variables. Our methods were tested on

40 benchmark instances of the SMDVRPP, for which optimal solutions were previously known for

only two cases. The results demonstrate that the proposed decomposition approach outperforms

other exact methods, providing optimal solutions for all instances in reasonable computational

times.

Keywords: Column Generation, Cutting Stock Problem, History of Science

1. Introduction

Many companies in durable goods sector often run trade-in or buyback campaigns. During a

campaign period, discounts are offered on new products if a used product is returned at purchase.

Consequently, a high number of used products quickly accumulate in those companies. In this

context, the problem arises of buying and collecting these used products for later resale which is
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the problem that we deal in this paper. More specifically, we deal with the problem of a firm that

desires to buy and collect used units of a given product from a set of dealers. For that, the firm

designs routes that visit a subset of dealers where each route satisfies a capacity constraint and

starts and ends at one of the firm’s collection center locations. The problem assumes that the firm

knows the unitary reservation price for each dealer and assumes that the unitary acquisition price

paid by the firm for the collected used units is the maximum reservation price between the visited

dealers. The problem objective is to maximize the total profit from the resale of the collected

products minus the total routing costs. The previous problem was proposed by [AAT11] where the

authors named it as Selective Multi-Depot Vehicle Routing Problem with Pricing (SMDVRPP).

The SMDVRPP is formally defined over an undirected complete graph G = (V,E), with

V = {1, . . . , n + m}, where the subset D = {1, . . . ,m} represents the set of collection centers

while V + = {m+1, . . . ,m+n} represents the set of dealers. For each dealer i ∈ V +, a number of

used units ai and a reservation price pi are given. For each edge e ∈ E, a distance de is given. The

problem considers a homogeneous fleet of vehicles, each one with capacity Q. The SMDVRPP

consists of designing a set of routes that satisfy the following three constraints: each route starts

and ends at the same collection center k ∈ D, each dealer can be visited at most once by a single

route and the sum of used units ai considering all visited dealers by the route can not exceed

Q. Even though it is not required to visit all dealers, once a dealer i is visited, the firm must

acquire all used units ai for resale which generates a profit of ai × (r − w), where r is a revenue

known in advance and w is the acquisition price payed by the firm for each used unit collected.

That acquisition price w is a problem variable given by the maximum reservation price pi among

the visited dealers (w = max{pi}, i is visited). Once the routes have been chosen, they generate

not only the previous gains, but they also generate the following costs. The cost of operating the

vehicles that is given by the number of designed routes multiplied by a given factor c1 and the

total travel cost that is given by the total distance travelled considering all routes multiplied by

a given factor c2. In the SMDVRPP, the visited dealers and the routes are chosen in order to

maximize the objective function given by the sum of gains associated with visited dealers minus

the cost of operating the vehicles and total traverse cost.

The SMDVRPP was proposed by [AAT11], where the authors presented a Tabu Search based

heuristic algorithm and an exact Mixed Integer Linear Programming (MILP) formulation for the

problem. Besides the authors presented 40 benchmark instances for the problem with up to 5

collecting centers (|D| = 5) and 100 dealers (|V +| = 100). The exact MILP formulation proposed

by the previous authors was able to optimally solve just two instances where the largest one has 1

collecting center and 20 dealers. The main hardness of the SMDVRPP is the fact that acquisition

price w is a problem variable.

This paper aims to propose two exact approaches for the SMDVRPP. The first one is a branch-

cut-and-price (BCP) algorithm coded within the VRPSolver framework proposed by [PSUV20].

The second one decomposes the problem into several subproblems, one for each reservation price
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p ∈
⋃

i∈V +{pi}, where the acquisition price w is fixed to p. To solve each subproblem, we adapt

the BCP algorithm proposed for the original problem. Although the second proposed method

requires the resolution of several subproblems, each one becomes a Vehicle Routing Problem

(VRP) variant with a reduced number of customers (dealers) when the acquisition price is fixed

and this kind of problem is usually well solved by the generic BCP algorithm of the VRPSolver

framework. Moreover each BCP algorithm call receives the best bound so far which helps to

decrease the size of the corresponding branch-and-bound tree.

We apply the proposed approaches to the 40 benchmark instances proposed by [AAT11].

The proposed decomposition approach is executed in two ways according to the acquisition price

fixing order: in the first one, the possible acquisition prices to be fixed are provided for the

algorithm in ascending order while in the second one, those prices are provided in descending

order. The computational results show that the decomposition approach outperforms the other

exact methodologies being able to present the optimal solution for all instances in reasonable

computational times.

The remainder of this paper is organized as follows. Section 2 presents a brief literature review

on SMDVRPP. Section 3 describes the exact approach proposed for the SMDVRPP. Computa-

tional experiments are described and discussed in Section 4. Finally, Section 5 summarizes our

conclusions.

2. Literature review

The SMDVRPP can be classified as a VRP with Profits (VRPP). In general, for a VRPP,

the problem solution can be measured in terms of profits or routing costs. According to [ASV14]

and [Van20], the VRPPs can be classified into three classes: In the first one, the total profit

is the objective function and there are constraints that limit the routing costs. In the second

one, the problems aim to minimize the routing costs ensuring a minimum total profit. In the

third one, the two objectives are combined into one. For each class, we present just the most

representative problems and representative references that deal with them. For more details about

VRPP variants, solution approaches and applications, we refer [ASV14].

For the first class, we highlight the classical Orienteering Problem (OP). The OP considers

that each customer has a given positive profit. The problem’s objective is to design a maximal

profit single route, limited on length, where each customer is visited at most once. When the

OP is extended to consider multiple vehicles, it is called Team Orienteering Problem (TOP). For

more details about OP variants, solution approaches and applications, we refer to [GLV16].

About the second class, the most representative problem is the Prize-Collecting Traveling

Salesperson Problem (PCTSP) which was proposed by [Bal89]. This problem considers a penalty

for each unvisited customer. [TW06] proposed the Prize-Collecting Vehicle Routing Problem

(PCVRP) that extends the PCTSP to consider multiple vehicles. Depending of the type of
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penalties and costs considered, several variants can arise such as proposed by [ZCZP09], [JYY+13],

[TCEA15], [LT16] and [TRMM20].

For the problems in the third class, the profit maximization and the costs minimization are

combined into a single objective function. In this context, the most known problem is the Prof-

itable Tour Problem (PTP) [DMV95], where a single route is designed in order to maximize

the total collected profit minus the travel cost. The PTP was extended to multiple vehicles by

[AFHS09].

The SMDVRPP is a VRPP that belongs to class 3 but it has an additional characteristic that

turns this problem harder than most other VRPPs: the profit associated with each customer is

not known in advance since it depends on the acquisition price w that is a problem variable. In the

Literature, we found two problems different from SMDVRPP but with a similar characteristic to

the previous one. [AJAM18] proposed a branch-and-price algorithm for the Profit-Maximization

Location-Routing-Problem (PM-LRP) with price-sensitive demands. The problem optimizes the

location of facilities, the allocation of vehicles and customers to the facilities, the price delivered

and routing decisions in order to maximize total customer service profit. Recently, [AAP21]

introduced and proposed a branch-and-price algorithm for the Vehicle Routing Problem with

Zone-Based Pricing (VRP-ZP), variant of the classical VRP in which the carrier must make two

decisions: setting the service price for each zone and establish the set of routes to serve customers

who have accepted the service at the offered price.

3. Exact approaches for the SMDVRPP

As surveyed in [CCD19], branch-cut-and-price (BCP) approach is the leading methodology

for exactly solving VRPs. However, the implementation of a BCP algorithm with state-of-the-art

components is not an easy task and can require a lot of time even for a skilled team. Aiming

to mitigate this problem, [PSUV20] proposed the VRPSolver framework. In this framework,

the modeller defines a Mixed Integer Programming (MIP) formulation that necessarily contains

resource constrained path variables over one or several directed graphs. The framework then

solves the model through generic BCP algorithm that generates path variables dynamically by

solving the pricing subproblems which are resource constrained shortest path problems (RCSPP).

In order to activate some state-of-art BCP components, the modeller can also define so-called

packing sets which we will explain later. VRPSolver models have proven to be competitive or

state-of-the-art for several VRP variants [PSUV20, RSU23, SR24, RLdSU24, PRV+25].

For the SMDVRPP, we propose two exact approaches. The first one is a VRPSolver model

that solves directly the problem. The main weakness of that approach is that acquisition price

w is a problem variable and it can turn the BCP algorithm resolution harder. The second exact

approach that we propose for the SMDVRPP is an algorithm that decomposes the problem into

several subproblems, one for each reservation price p ∈
⋃

i∈V +{pi}, where the acquisition price w

is fixed to p. Each subproblem is solved by another VRPSolver model which is an adaptation of
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the model proposed for the original problem. After solving all subproblems, the exact approach

returns the best solution obtained. The main weakness of the second approach is that it requires

the resolution of several BCP algorithms.

3.1. A VRPSolver model for the SMDVRPP

As we commented before, a so-called VRPSolver model is composed of a MIP model that

contains resource constrained path variables over one or several directed graphs. The definition

of proper formulation and graphs is an important modeller task.

3.1.1. Proposed path generator graphs

The proposed VRPSolver model considers a directed resource constrained path generator

graph Gk = (V k, Ak), for each collection center k ∈ D, where V k = {vki : i ∈ V +} ∪ {vkk} and

Ak = {(vki , vki ), (vki , vki ) : vki , vkj ∈ V k, vki ̸= vkj }. For a given k ∈ D, let p be a path that starts and

ends at vkk . We say that p is resource constrained if the accumulated resource consumption Sp

never exceeds the vehicle capacity Q. The value of Sp is calculated in the following way. At the

beginning of the path, Sp = 0. Every time an arc (vki , v
k
j ) is traversed, the value of Sp increases

by (ai + aj)/2 units.

3.1.2. Proposed MIP formulation

The MIP formulation that we provide to the VRPSolver framework uses the following sets

and constants:

P k : Set of resource constrained paths on the graph Gk, k ∈ D.

P : Set of all resource constrained paths. Mathematically, P = ∪k∈DP k.

hpa : number of times that a given arc a appears in a given path p

δ(i) : set of edges in E adjacent to a given vertex i, i ∈ V .

M(e = (i, j)) = {(vki , vkj ), (vkj , vki ) : k ∈ D}

The formulation uses the following variables:

λp : nonnegative integer variable indicating the number of times that a given path p ∈ P appears

at the solution;

yi : binary variable indicating if a given dealer i ∈ V + is visited (yi = 1) or not (yi = 0)

xe : integer variable indicating the number of times that a given edge e ∈ E is traveled.

w : a non-negative continuous variable to represent the acquisition price paid for each collected

used unit;

vi : a non-negative continuous variable created for each i ∈ V + to represent the product of

variables yiw;

The Formulation follows:
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Max
∑
i∈V +

ai(ryi − vi)− 0.5c1
∑

e∈δ(k),k∈D

xe − c2
∑
e∈E

dexe (1a)

S.t.
∑

e∈δ(i),e∈E

xe = 2yi, ∀i ∈ V + (1b)

w ≥ piyi, ∀i ∈ V + (1c)

vi ≥ w + max
j∈V +

pj(yi − 1), ∀i ∈ V + (1d)

xe =
∑
p∈P

 ∑
a∈M(e)

hpa

λp, ∀e ∈ E (1e)

0 ≤
∑
p∈P

λp ≤ |V +|, ∀k ∈ K (1f)

xe ∈ Z, ∀e ∈ Ep (1g)

w ∈ R+ (1h)

vi ∈ R+, ∀i ∈ V + (1i)

yi ∈ {0, 1}, ∀i ∈ V + (1j)

λp ∈ Z+, p ∈ P (1k)

The objective function (1a) aims to maximize the total profit. Constraints (1b) ensures that

the node degree of a given dealer i is equal to 2 if this dealer is visited (yi = 1) or equal to 0,

otherwise (yi = 0). Constraints (1c) ensure that the acquisition price w is not lower than the

maximum reservation price pi of all visited dealers. Constraints (1d) and (1i) ensure that vi = yiw

for each i ∈ V +. The constraints (1e) show the relation between the variables x and the path

variables λ. Based on definition of M , the constraints (1e) ensure that each variable xe is given by

the sum of the number of times that the arcs in M(e) are traversed considering the paths used at

the solution given by the values of the variables λ. The constraints (1f) present lower and upper

limits for the number of resource constrained paths.

The idea behind the Formulation (1) is that each feasible route for the SMDVRPP is rep-

resented by an unique resource constrained path. After we provide proper resource constrained

path generator graphs and a proper MIP formulation, the VRPSolver framework solves the Mas-

ter Formulation (MF) that is a formulation equivalent to (1) without variables x and y that are

replaced with the constraints (1e). The MF is solved through a column generation algorithm. In

each iteration, a restrict version of MF with a subset of variables λ is solved. Variables λ with

negative reduced cost are then added on demand to the restrict master formulation by solving

the pricing subproblems that are RCSPP over the graphs described in the Section 3.1.1. When

there is no variable λ with negative reduced cost to be added then the current solution is optimal

for the MF.
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The VRPSolver framework manages a branch-and-bound search tree, where the MF is solved

at each node. Branching on variables x and y is then used to solve MIP formulation (1) to

optimality. For more details on how the algorithm present in framework works, we refer to

[PSUV20].

3.1.3. Toy example for the proposed VRPSolver model

In order to illustrate the proposed VRPSolver model for the SMDVRPP-RV, we propose a toy

SMDVRPP instance with 2 collecting centers (D = {1, 2}) and 3 dealers (V + = {3, 4, 5}), where
the reservation prices for the dealers are the following: p3 = 5, p4 = 5 and p5 = 6. The proposed

instance also considers the following input data: d(1,3) = 21, d(1,4) = 58, d(1,5) = 33, d(2,3) = 7,

d(2,4) = 32, d(2,5) = 52, d(3,4) = 37, d(3,5) = 45 and d(4,5) = 75. Besides we have c1 = 6, c2 = 1,

r = 15 and Q = 30. Finally, the number of used units for the dealers are a3 = 7, a4 = 18 and

a5 = 13.

The proposed VRPSolver model considers two path generator graphs, one for each collect

center 1 and 2. The Figure 1 illustrates those graphs. The vertices v11 and v22 are marked in yellow

in order to indicate that each path should starts and ends at one of these vertices. Each graph

considers a resource to ensure the capacity constraint. We put close to each vertex the interval

[0, 30] to indicate that to visit any vertex during a path, it is necessary that the accumulated

resource is within that interval. We put on each arc the corresponding resource consumption

denoted by q and the variable that is mapped on it based on M definition.

For the graphs in the Figure 1, the following paths are resource constrained for the G1: p1 =

(v11 → v13 → v11), p2 = (v11 → v14 → v11), p3 = (v11 → v15 → v11), p4 = (v11 → v13 → v14 → v11), p5 =

(v11 → v14 → v13 → v11), p6 = (v11 → v13 → v15 → v11) and p7 = (v11 → v15 → v13 → v11). For G2, the

following paths are resource constrained: p8 = (v22 → v23 → v22), p9 = (v22 → v24 → v22), p10 = (v22 →
v25 → v22), p11 = (v22 → v23 → v24 → v22), p12 = (v22 → v24 → v23 → v22), p13 = (v22 → v23 → v25 → v22)

and p14 = (v22 → v25 → v23 → v22). We omit some resource constrained paths that visit a node more

than one time as for example v11 → v13 → v15 → v13 → v11. This kind of path does not represent

a feasible solution and the VRPSolver framework uses some advanced BCP elements to avoid

that those paths appear at some relaxed solution. The formulation corresponding to (1) is the

following:

Max 105y3 − 7v3 + 270y4 − 18v4 + 195y5 − 13v5 − 24x13 − 61x14 − 36x15 (2a)

− 10x23 − 35x24 − 55x25 − 37x34 − 45x35 − 75x45

S.t. x13 + x23 + x34 + x35 = 2y3 (2b)

x14 + x24 + x34 + x45 = 2y4 (2c)

x15 + x25 + x35 + x45 = 2y5 (2d)

w ≥ 5y3 (2e)
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w ≥ 5y4 (2f)

w ≥ 6y5 (2g)

v3 ≥ w + 6y3 − 6 (2h)

v4 ≥ w + 6y4 − 6 (2i)

v5 ≥ w + 6y5 − 6 (2j)

x13 = 2λ1 + λ4 + λ5 + λ6 + λ7 (2k)

x14 = 2λ2 + λ4 + λ5 (2l)

x15 = 2λ3 + λ6 + λ7 (2m)

x23 = 2λ8 + λ11 + λ12 + λ13 + λ14 (2n)

x24 = 2λ9 + λ11 + λ12 (2o)

x25 = 2λ10 + λ13 + λ14 (2p)

x34 = λ4 + λ5 + λ11 + λ12 (2q)

x35 = λ6 + λ7 + λ13 + λ14 (2r)

x45 = 0 (2s)

0 ≤
7∑

i=1

λi ≤ 3 (2t)

0 ≤
14∑
i=8

λi ≤ 3 (2u)

xe ∈ Z, e ∈ E (2v)

yi ∈ {0, 1}, i ∈ V + (2w)

λp ∈ Z+, p ∈ {1, ..., 14} (2x)

3.1.4. Advanced BCP algorithm elements

[PSUV20] presents details about how the modeller can define for a VRPSolver model the

so-called packing sets on vertices or arcs. When such structures are modeled, several state-of-art

BCP elements can be incorporated to the generic algorithm solved by the VRPSolver framework

such as ng-paths, rounded capacity cuts, rank-1 cuts with limited memory and route enumeration.

Now we present the definition of packing sets on vertices adapted to our context. Let P ⊂ 2V
′

be a collection of mutually disjoint subsets of V ′, where V ′ =
⋃

k∈D V k \ {vkk}. We say that the

subsets of P are packing sets if there is at least one optimal solution for the master problem

satisfying the following constraints:

∑
p∈P

(∑
v∈S

hpv

)
λp ≤ 1, ∀S ∈ P, (3)
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where each constant hpv computes the number of times that a vertex v appears in a path p. The

constraints (3) ensure that at most one vertex of S appears at the optimal solution and at most

one time, for each packing set S ∈ P. The definition of proper packing sets is an important

modeller task.

In order to activate advanced BCP algorithm elements, we also model packing sets on vertices.

The proposed set of packing sets is defined as P = ∪i∈V+{{vki : k ∈ D}}. The idea behind the

proposed packing sets is that each customer is represented by a single vertex in each graph. Thus,

a different packing set is defined for each customer that is composed of the vertices that represent

this customer.

3.2. A decomposition algorithm for the SMDVRPP

The second proposed exact approach for the SMDVRPP decomposes the problem into several

subproblems, one for each reservation price p ∈
⋃

i∈V +{pi}, where the acquisition price w is

fixed to p. Each subproblem is solved by the VRPSolver model described in Section 3.2.1. After

solving all the subproblems, the exact approach returns the best solution obtained. The Algorithm

1 summarizes the steps of the proposed approach.

Algorithm 1 R-SMDVRPP

Input: SMDVRPP instance, sol0

1: sol∗ ← sol0

2: for p ∈
⋃

i∈V +{pi} do
3: sol′ ← SMDV RPP −RV (p, sol∗)

4: if sol′ > sol∗ then

5: sol∗ ← sol′

6: end if

7: end for

8: Return sol∗

The Algorithm 1 steps are described as following. The algorithm receives a SMDVRPP in-

stance and a valid lower bound denoted by sol0, where the provision of sol0 is optional. The best

solution value sol∗ is set initially to sol0 when this bound is provided (Line 1). If sol0 is not given

then we initially set sol∗ = 0. Next, for each different reservation price p, a restrict SMDVRPP

version (SMDVRPP-RV) where the acquisition price w is set at p is solved and the corresponding

objective function value is denoted by sol′ (Line 3). In addiction to the reservation price p, each

SMDVRPP-RV also receives the best objective function value so far sol∗ which helps to decrease

the computational time spent in this step. In Section 3.2.1, we provide all details about the

SMDVRPP-RV resolution. If sol′ > sol∗ then the best objective function value is updated (Line

5). At the end of the algorithm, the optimal objective function value is returned (Line 8).
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3.2.1. VRPSolver model for the SMDVRPP-RV

In order to solve the SMDVRPP-RV, we adapt the proposed VRPSolver model for the SMD-

VRPP described in Section 3.1. The SMDVRPP-RV considers that acqisition price w is fixed to

some reservation price p. The new VRPSolver model consider a reduced set of edges and vertices.

In this context, the sets E and V + are replaced with respectively Ep = {(i, j) ∈ E : pi, pj ≤ p}
and V +

p = {i ∈ V + : pi ≤ p}. Those replacements are the only differences between the path

generator graphs proposed in Section 3.1.1 and the ones used for the SMDVRPP-RV VRPSolver

model. For the MIP formulation, it uses the variables x, y, λ and the constraints (1b), (1e), (1f),

(1g), (1j) and (1k) from the Formulation (1) but here we consider the new set of edges Ep and

the new set of vertices V +
p . The formulation follows:

Max
∑

i∈V +
p

ai(r − p)yi − 0.5c1
∑
k∈D

∑
e∈δ(k)

xe − c2
∑

e∈Ep

dexe (4a)

S.t.(1b), (1e), (1f), (1g), (1j)(1k) (4b)∑
i∈V +

p ,pi=p

yi ≥ 1; (4c)

The objective function (4a) aims to maximize the total profit. The constraint (4c) ensures

that at least one dealer i with pi = p is visited.

In order to improve the computational performance of the BCP algorithm, we also define

packing sets on customers as described in Section 3.1.4.

4. Computational Results

In this section, we present computational experiments in order to prove the robustness of

the proposed exact method for the SMDVRPP. All experiments were performed on a computer

with an Intel Core i7-3770 processor with 3.40 GHz and 16 GB of RAM on Ubuntu 18.04.2 LTS

operating system. We use the VRPSolver v0.4.1 that can be downloaded at https://vrpsolver.

math.u-bordeaux.fr/. Each instance is solved using a single thread. CPLEX v12.10 is used as

LP and MIP solvers.

The instances tested in this paper are the same used by [AAT11] and they were provided us

by the those authors. The smallest instance has 1 collection center and 10 dealers (|D| = 1 and

|V +| = 10) while the largest one has 5 collection centers and 100 dealers (|D| = 5 and |V +| = 100).

The instances were generated by [AAT11] in the following way. The x and y coordinates of the

dealers and the collection centers are sampled independently from a discrete uniform distribution

in the interval [0, 500]. For each edge e = (i, j) ∈ E, the travel distance de is given by the the

Euclidean distance between the nodes i and j. The reservation price pi of each dealer i ∈ V +

is sampled from a uniform random variable in [2.5, 7.5]. The number of used units ai at each

dealer i ∈ V + is generated from a discrete uniform distribution in the interval [5, 15]. The fixed

vehicle operating cost c1 and the unitary cost per distance traveled c2 are equal to respectively

https://vrpsolver.math.u-bordeaux.fr/
https://vrpsolver.math.u-bordeaux.fr/
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100 and 1. The vehicle capacity Q is equal to 150 for the most instances. For a small number

of instances, that value is equal to 140. The unitary revenue r is equal to 15 for most instances.

For a small number of instances, that value is equal to 20. All the 40 instances can be found at

https://github.com/mcroboredo/SMDVRPP.

Before presenting a comparison between the exact approaches for the SMDVRPP, we make

an observation about the Algorithm 1. The experiments showed two things: we really have to fix

all possible reservation prices (the function SMDVRPP-RV is not monotonic) and the order in

which the reservation prices are fixed influences the total time consumed by the algorithm if the

initial solution value lbo does not represent the optimal solution value. In this sense, we tested the

algorithm in two ways for each instance: fixing the prices in ascending and in descending orders.

4.1. Comparative results

Table 1 presents a comparison between the exact approaches for the SMDVRPP. The Column

Instance indicates the instance name. Each name is composed of two numbers representing

respectively the number of collection centers and then umber of dealers. The Column lb0 indicates

the lower bound generated by the heuristic proposed by [AAT11]. That value is used as an initial

solution value by all methodologies. The Column lb0 indicates the optimal solution value. The

Column Time(s) Lit. and C-SMDVRPP indicate the total computational time in seconds spent

by the exact formulation proposed by [AAT11] and by the VRPSolver model described in Section

3.1, respectively. The next three columns present the computational times spent by the Algorithm

1. That algorithm was executed in three ways. In the first two ones, the reservation prices are

fixed in ascending and descending order (Columns Time(s) R-SMDVRPP Ascending and Time(s)

R-SMDVRPP Descending, respectively). In the third one, the initial lower bound lb0 is fixed to

the optimal value lb∗ (Column Time(s) R-SMDVRPP lb0 = lb∗). That last test simulates the

case where the heuristic always generates the optimal solution. For a fair comparison, all the

tests were executed at the same machine in a single thread way. We stopped any experiment if it

reached 10800s of execution.

Observing Table 1, we can note that the instance (1,10) generated an optimal solution with

objective function value equal to 0.00. It happened because in that instance, any feasible route

generates a negative value for that function. The main conclusion of Table 1 is that the Algorithm

1 obtained the best results. That algorithm did not optimally solve just 4 instances when we fixed

the prices in ascending order and 2 instances when we fixed the prices in descending order. For

the simulated case where we know the optimal solution value in advance, all the optimal solutions

was found in reasonable computational times (Column Time(s) R-SMDVRPP lb0 = lb∗).

4.2. Detailed results of the Algorithm 1

For each one of the 40 instances tested in this paper, the reservation prices are different

each other. In other words, when we apply the Algorithm 1, the VRPSolver model described in

Section 3.2.1 is called exactly |V +| times. Table 2 presents detailed results for the Algorithm 1.

https://github.com/mcroboredo/SMDVRPP
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The following headers are used for the columns. The Column Perc. pos. indicates the percentage

position of the acquisition price w in the vector of reservation prices when it ordered in ascending

way. For example, if that value is equal to 0.85 then it indicates that the algorithm solved 85%

of the trees before finding the optimal solution. The column # Avg. Nodes indicates the sum of

nodes of each branch-and-bound tree divided by the total number of trees. When that value is

equal to 1, it indicates that all the trees were solved at the root node. Finally, the Column #

Avg. Time(s) indicates the average resolution time of each tree.

Observing Table 2, we can note that the average percentage position is 0.84. In order words, for

the most instances tested in this paper, the acquisition price is associated with large reservation

prices. For that reason, the version of the algorithm where the prices are fixed in descending

order obtained slightly better results than the algorithm with prices fixed in ascending order. We

emphasise that the order in which the prices are fixed does not influence the total computational

time when lb0 = lb∗. Another important observation about Table 2 is that all versions of the

proposed algorithm solved almost branch-and-bound trees at the root node. It shows that the

algorithm present in the VRPSolver framework is very powerful despite being generic.

4.3. Graph representation for a SMDVRPP instance solution

The Figure 2 presents a graph representation for the optimal solution of the SMDVRPP

instance (3,50), where we can note that several dealers are not visited. It happened because of

two reasons: the reservation price of the dealer is greater than the optimal acquisition price w

or the dealer is very far from depots and therefore this dealer is not worth visiting. For the first

case, we highlight that we check that the dealer 41 could be included in the bottom route without

violating the capacity constraint but it would increase the acquisition price (the reservation price

of the dealer 41 is greater than the optimal one). For the second case, we highlight the dealer 9

whose the reservation price is smaller than the optimal acquisition price but this dealer is very

far from depots. Therefore this dealer is not worth visiting.

5. Conclusions

In this paper we proposed two exact approaches for the SMDVRPP which is a VRP variant

that has classical VRP variavbles and a price variable that depends on the set of the nodes visited

by the routes. Both proposed methodologies used BCP algorithms coded whithin VRPSolver

framework. The difference between them is that one of them solves the problem directly while

the other decomposes the problem into several subproblems in a way that the price variable is

fixed in each one of them.

The proposed algorithm was tested on 40 SMDVRPP benchmark literature instances where

just two optimal solutions were known until now. The results showed that decomposition al-

gorithm obtained the best results despite this method requires the resolution of several BCP

algorithms.
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For future researches, we intend to adapt the proposed VRPSolver model to other VRPPs.
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routing problem with pricing. Transportation Research Part C: Emerging Technolo-

gies, 19(5):866–884, 2011.

[AFHS09] Claudia Archetti, Dominique Feillet, Alain Hertz, and Maria Grazia Speranza. The

capacitated team orienteering and profitable tour problems. Journal of the Opera-

tional Research Society, 60(6):831–842, 2009.

[AJAM18] Amir Ahmadi-Javid, Elahe Amiri, and Mahla Meskar. A profit-maximization

location-routing-pricing problem: A branch-and-price algorithm. European Journal

of Operational Research, 271(3):866–881, 2018.

[ASV14] Claudia Archetti, M Grazia Speranza, and Daniele Vigo. Chapter 10: Vehicle rout-

ing problems with profits. In Vehicle routing: Problems, methods, and applications,

second edition, pages 273–297. SIAM, 2014.

[Bal89] Egon Balas. The prize collecting traveling salesman problem. Networks, 19(6):621–

636, 1989.

[CCD19] Luciano Costa, Claudio Contardo, and Guy Desaulniers. Exact branch-price-and-cut

algorithms for vehicle routing. Transportation Science, 53(4):946–985, 2019.

[DMV95] Mauro Dell’Amico, Francesco Maffioli, and Peter Värbrand. On prize-collecting tours

and the asymmetric travelling salesman problem. International Transactions in Op-

erational Research, 2(3):297–308, 1995.

[GLV16] Aldy Gunawan, Hoong Chuin Lau, and Pieter Vansteenwegen. Orienteering problem:

A survey of recent variants, solution approaches and applications. European Journal

of Operational Research, 255(2):315–332, 2016.

[JYY+13] SJ Jia, Jian Yi, GK Yang, Bin Du, and Jun Zhu. A multi-objective optimisation

algorithm for the hot rolling batch scheduling problem. International Journal of

Production Research, 51(3):667–681, 2013.



Cadernos do LOGIS-UFF L-2024-4 14

[LT16] Kun Li and Huixin Tian. A two-level self-adaptive variable neighborhood search

algorithm for the prize-collecting vehicle routing problem. Applied Soft Computing,

43:469–479, 2016.
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Figure 1: Path generator graphs for the proposed toy SMDVRPP instance
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Table 1: Comparison between the exact approaches for the SMDVRPP.

Time(s)
R-SMDVRPP

Instance lb0 lb∗ Lit. C-SMDVRPP Ascending Descending lb0 = lb∗

(1-10) 0.00 0.00 0.16 1.15 1.08 1.08 1.08
(1-20) 392.21 392.21 35.96 5.49 1.09 1.09 1.09
(1-30) 933.32 933.32 10800.00 98.94 10.43 10.43 10.43
(1-40) 249.02 249.02 10800.00 3262.96 1.08 1.08 1.08
(1-50) 418.20 418.20 10800.00 10800.00 2.45 2.45 2.45
(1-60) 696.10 737.53 10800.00 10800.00 31.74 19.65 1.12
(1-70) 990.88 990.88 10800.00 10800.00 39.47 39.47 39.47
(1-80) 788.38 820.78 10800.00 10800.00 73.42 81.92 13.50
(1-90) 1755.59 1758.22 10800.00 10800.00 244.64 225.67 66.38
(1-100) 1640.22 1666.88 10800.00 10800.00 420.85 366.23 107.35
(2-20) 514.10 514.10 483.80 8.72 1.12 1.12 1.12
(2-30) 1273.97 1273.97 10800.00 253.95 4.29 4.29 4.29
(2-40) 319.07 360.32 10800.00 727.95 1.11 1.67 1.15
(2-50) 685.83 685.83 10800.00 4091.41 20.02 20.02 20.02
(2-60) 712.60 759.51 10800.00 10800.00 288.73 496.67 21.01
(2-70) 1150.25 1150.25 10800.00 10800.00 127.1 127.1 125.14
(2-80) 1278.65 1325.44 10800.00 10800.00 9724.32 4572.26 1038.30
(2-90) 1101.60 1198.02 10800.00 10800.00 10800.00 4294.57 232.65
(2-100) 2419.65 2735.13 10800.00 10800.00 10800.00 10800.00 5384.53
(3-30) 893.68 893.68 10800.00 2011.43 11.61 11.61 11.61
(3-40) 306.37 306.36 10800.00 2031.94 2.2 2.2 2.20
(3-50) 571.61 571.61 10800.00 10800.00 36.69 36.69 36.69
(3-60) 1059.25 1061.43 10800.00 10800.00 294.66 589.06 91.63
(3-70) 1156.12 1183.00 10800.00 10800.00 362.82 633.64 70.96
(3-80) 1287.61 1375.92 10800.00 10800.00 5866.04 10800.00 330.51
(3-90) 1414.18 1471.05 10800.00 10800.00 446.8 665.4 175.33
(3-100) 1860.78 1983.00 10800.00 8630.08 5902.95 4442.36 307.77
(4-40) 396.94 396.94 10800.00 10800.00 4.55 4.55 4.55
(4-50) 1134.32 1134.32 10800.00 10800.00 26.12 26.12 26.12
(4-60) 925.07 925.07 10800.00 10800.00 99.8 99.8 99.80
(4-70) 807.19 1190.80 10800.00 10800.00 1877.42 7175.75 160.78
(4-80) 1760.31 1809.81 10800.00 10800.00 285.22 1020.71 128.93
(4-90) 1965.16 2102.01 10800.00 10800.00 10800.00 7457.54 395.08
(4-100) 2084.36 2315.48 10800.00 10800.00 6223.26 2662.40 393.70
(5-50) 751.93 751.93 10800.00 10800.00 233.58 233.58 233.58
(5-60) 1214.53 1248.62 10800.00 10800.00 115.59 102.52 41.90
(5-70) 1571.32 1669.24 10800.00 10800.00 749.42 247.16 96.87
(5-80) 1758.26 1836.76 10800.00 10800.00 550.06 899.96 168.19
(5-90) 1764.24 2136.48 10800.00 10800.00 10800.00 9420.89 216.30
(5-100) 2648.84 2828.40 10800.00 10800.00 3497.05 2237.65 404.35

Avg. 1116.29 1179.04 10003.00 8358.10 2019.47 1745.91 261.73
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Table 2: Detailed results for the Algorithm 1.

Ascending Descending lb0 = lb∗

Perc. Avg. Avg. Avg. Avg. Avg. Avg.
Instance lb0 lb∗ pos. #Nodes Time(s) #Nodes Time(s) #Nodes Time(s)

(1-10) 0.00 0.00 - 1.00 0.11 1.00 0.11 1.00 0.11
(1-20) 392.21 392.21 0.85 1.00 0.05 1.00 0.05 1.00 0.05
(1-30) 933.32 933.32 0.97 1.00 0.35 1.00 0.35 1.00 0.35
(1-40) 249.02 249.02 0.78 1.00 0.03 1.00 0.03 1.00 0.03
(1-50) 418.20 418.20 0.60 1.00 0.05 1.00 0.05 1.00 0.05
(1-60) 696.10 737.53 0.83 1.00 0.53 1.00 0.33 1.00 0.02
(1-70) 990.88 990.88 0.79 1.00 0.56 1.00 0.56 1.00 0.56
(1-80) 788.38 820.78 0.75 1.00 0.92 1.00 1.02 1.00 0.17
(1-90) 1755.59 1758.22 0.79 1.00 2.72 1.00 2.51 1.00 0.74
(1-100) 1640.22 1666.88 0.60 1.00 4.21 1.00 3.66 1.00 1.07
(2-20) 514.10 514.10 0.95 1.00 0.06 1.00 0.06 1.00 0.06
(2-30) 1273.97 1273.97 1.00 1.00 0.14 1.00 0.14 1.00 0.14
(2-40) 319.07 360.32 0.85 1.00 0.03 1.00 0.04 1.00 0.03
(2-50) 685.83 685.83 0.80 1.00 0.40 1.00 0.40 1.00 0.40
(2-60) 712.60 759.51 0.75 1.00 4.81 1.00 8.28 1.00 0.35
(2-70) 1150.25 1150.25 0.83 1.00 1.82 1.00 1.82 1.00 1.79
(2-80) 1278.65 1325.44 1.00 1.30 121.55 1.18 57.15 1.03 12.98
(2-90) 1101.60 1198.02 0.97 - 120.00 1.04 47.72 1.00 2.59
(2-100) 2419.65 2735.13 0.89 - 108.00 - 108.00 1.08 53.85
(3-30) 893.68 893.68 0.83 1.00 0.39 1.00 0.39 1.00 0.39
(3-40) 306.37 306.36 0.48 1.00 0.06 1.00 0.06 1.00 0.06
(3-50) 571.61 571.61 0.76 1.00 0.73 1.00 0.73 1.00 0.73
(3-60) 1059.25 1061.43 1.00 1.00 4.91 1.00 9.82 1.00 1.53
(3-70) 1156.12 1183.00 0.84 1.06 5.18 1.03 9.05 1.00 1.01
(3-80) 1287.61 1375.92 0.94 1.08 73.33 - 135.00 1.00 4.13
(3-90) 1414.18 1471.05 0.78 1.00 4.96 1.00 7.39 1.00 1.95
(3-100) 1860.78 1983.00 0.81 1.10 59.03 1.04 44.42 1.00 3.08
(4-40) 396.94 396.94 0.63 1.00 0.11 1.00 0.11 1.00 0.11
(4-50) 1134.32 1134.32 0.86 1.00 0.52 1.00 0.52 1.00 0.52
(4-60) 925.07 925.07 0.93 1.00 1.66 1.00 1.66 1.00 1.66
(4-70) 807.19 1190.80 0.90 1.06 26.82 1.17 102.51 1.00 2.30
(4-80) 1760.31 1809.81 0.80 1.00 3.57 1.00 12.76 1.00 1.61
(4-90) 1965.16 2102.01 0.78 - 120.00 1.11 82.86 1.00 4.39
(4-100) 2084.36 2315.48 1.00 1.02 62.23 1.02 26.62 1.00 3.94
(5-50) 751.93 751.93 0.76 1.00 4.67 1.00 4.67 1.00 4.67
(5-60) 1214.53 1248.62 0.97 1.00 1.93 1.00 1.71 1.00 0.70
(5-70) 1571.32 1669.24 0.96 1.00 10.71 1.00 3.53 1.00 1.38
(5-80) 1758.26 1836.76 0.99 1.00 6.88 1.00 11.25 1.00 2.10
(5-90) 1764.24 2136.48 0.92 - 120.00 1.16 104.68 1.00 2.40
(5-100) 2648.84 2828.40 0.96 1.02 34.97 1.00 22.38 1.00 4.04

Avg. 1,116.29 1179.04 0.84 1.02 22.72 1.02 20.36 1.00 2.95
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Figure 2: SMDVRPP instance (3,50) solution
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