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Abstract

Recent variants of Vehicle Routing Problems incorporate strategic delivery locations known as
lockers, which can receive demands from various customers. In addition to the routing aspect,
these problems consider the assignment of customers to lockers rather than requiring direct vis-
its, leading to assignment costs associated with last-mile trips. The objective in these variants
is to define routes and assignments so that every customer is either served directly at home or
assigned to a locker, with the aim of minimizing the total traversal and assignment costs. This
study examines two variants prevalent in the literature: the Vehicle Routing Problem with Lock-
ers and Time Windows (VRPLTW) and the Vehicle Routing Problem with Private and Shared
Delivery Locations (VRPPSDL). These problems differ in their consideration of factors such as
time windows, vehicle capacity, and constant assignment costs. For VRPLTW, we propose and
compare two Branch-and-Cut-and-Price (BCP) algorithms implemented within the VRPSolver
framework. For VRPPSDL, we develop a specialized BCP algorithm based on the one proposed
for VRPLTW. Computational experiments demonstrate the robustness of our procedures, which
outperform the best exact methods available in the literature and achieve optimal solutions for

several instances for the first time for both addressed problems.

Keywords: Vehicle Routing Problem, Lockers, Branch-and-cut-and-price

1. Introduction

Since Dantzig and Ramser (1959), Vehicle Routing Problems (VRPs), have stood out among
practical applications of Operations Research, involving various challenges in the daily activities
of organizations. Frequently, practical characteristics of routing problems are incorporated into

models so that they address real aspects faced by managers and decision-makers. For example,
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specific routing problems include heterogeneous fleets, time windows, hotel selection, and vehicle
refueling stops.

A class of VRPs that has attracted the attention of researchers in recent years is the one
involving so-called lockers, which are special structures, strategically located, where the demands
of different customers are stored. Customers then travel to the locker where their demand has
been stored for pickup, generating an assignment cost. Thus, in VRPs with lockers, the routes
of each vehicle must be defined, as well as decisions on which customers are served directly and
which are assigned to a locker so that the traversal cost combined with the assignment cost is
minimized. The literature include studies proposed by Grabenschweiger et al. (2021), Vincent
et al. (2022), Buzzega and Novellani (2023), DellAmico et al. (2023), and Boschetti and Novellani
(2024).

In this study, we focus on the Vehicle Routing Problem with Lockers and Time Windows
(VRPLTW) and the Vehicle Routing Problem with Private and Shared Delivery Locations
(VRPPSDL). The VRPLTW, proposed by Buzzega and Novellani (2023), is characterized by
several features: the demand of each customer can be met either directly at their home within
specified time windows or stored in a nearby locker; both vehicles and lockers have capacity con-
straints; and each locker can be visited by at most one vehicle. The authors also considered a
variant of the problem without time window constraints, referred to as the Vehicle Routing Prob-
lem with Lockers (VRPL). The VRPPSDL, proposed by Mancini and Gansterer (2021), is quite
similar to the VRPLTW but has two key differences: there are no capacity constraints for the
vehicles, and the assignment costs are constant.

To solve the VRPLTW and VRPL, Buzzega and Novellani (2023) proposed exact Mixed
Integer Linear Programming (MILP) formulations. These authors also adapted their formulations
to solve VRPPSDL instances and compared them with the exact formulation proposed by Mancini
and Gansterer (2021). The results indicated that the formulations proposed by Buzzega and
Novellani (2023) outperform those of Mancini and Gansterer (2021).

As highlighted by Costa et al. (2019), among the exact methods for solving VRPs exactly,
BCP algorithms stand out. Unfortunately, implementing a BCP algorithm with state-of-the-art
components for a specific VRP requires a significant amount of time, even for a skilled team. To
mitigate this issue, Pessoa et al. (2020) proposed the VRPSolver framework, capable of generating
a BCP algorithm to solve a specific VRP cariant based on the modeling provided by the user.
A VRPSolver model contains a MILP formulation that includes variables representing feasible
routes. The set of feasible routes is modeled by a set of paths with resource constraints on
one or more directed graphs. The VRPSolver solves the model using a generic BCP algorithm
that dynamically generates path variables by solving pricing subproblems. These are modeled in
the framework as resource-constrained shortest-path problems (RCSP). In addition to the MILP
formulation and directed graphs, the user can also define the so-called packing sets, which allow

the user to activate some state-of-the-art components for BCP algorithms, such as ng-paths,
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generation of rounded capacity cuts and rank-1 cuts with limited memory, route enumeration,
among others. VRPSolver models are competitive or even considered state-of-the-art for several
VRPs (Roboredo et al., 2023; Soares and Roboredo, 2023; Praxedes et al., 2024; Roboredo et al.,
2024; Pévoa et al., 2025).

This work proposes two Branch-and-Cut-and-Price (BCP) algorithms implemented within the
VRPSolver framework for the VRPLTW/VRPL. One of these algorithms integrates the routing
and assignment decisions within the same pricing subproblem, while the other algorithm addresses
these decisions in separate pricing subproblems. Building on the VRPSolver models proposed for
VRPLTW/VRPL, we develop a specialized VRPSolver model for the Vehicle Routing Problem
with Private and Shared Delivery Locations (VRPPSDL).

We present several computational experiments to demonstrate the robustness of the proposed
approaches. For VRPL and VRPLTW, we apply the proposed methods to benchmark instances
with up to 60 customers and 6 lockers, as used by Buzzega and Novellani (2023). For VRPPSDL,
we evaluate our approach on 30 instances with up to 75 customers and 5 lockers, as proposed
by Mancini and Gansterer (2021). Regarding VRPL/VRPLTW, the results indicate that the
method which incorporates the assignment decision in the master problem outperforms the best
exact formulations available in the literature, achieving lower computational times for almost all
instances and solving several instances to optimality for the first time. For VRPPSDL, our method
presented a lower computational time for each one of the 30 instances, where the hardest instances
was optimalluy solved in under three minutes of execution. Moreover, for both VRPL/VRPLTW
and VRPPSDL, we generated several additional instances with up to 60 customers and 6 lockers,
and 100 customers and 10 lockers, respectively.

The remainder of this paper is organized as follows. Section 2 provides a brief literature review
of the VRPLTW and VRPPSDL. Section 3 formally describes the VRPLTW and VRPPSDL. Sec-
tion 4 presents the proposed VRPSolver models for both the VRPLTW and VRPPSDL. Section
5 discusses the computational results obtained from the proposed approaches on benchmark VR-
PLTW and VRPPSDL instances from the literature, as well as on additional instances introduced

in this paper for both problems. Finally, Section 6 summarizes our conclusions.

2. Literature review

Jiang et al. (2020) investigated the traveling salesman problem with time windows (TSPTW)
in the context of last-mile delivery for e-commerce. This problem extends the classic TSPTW by
allowing customers to either receive their deliveries at home or collect them from lockers within a
specified radius. Lockers are subject to both a maximum service radius and capacity constraints.
The tour is designed in order to minimize the sum of three types of costs: the total travel cost, the
total cost incurred by customers traveling to lockers, and the total cost associated with opening
lockers. To solve the problem, the authors developed a MILP formulation alongside a variable
neighborhood descent (VND) algorithm.
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Mancini and Gansterer (2021) introduced the VRPPSDL, which is one of the problems ad-
dressed in this paper. The VRPPSDL considers three types of customers: those who must receive
deliveries at home within a specified time window, those who must collect their deliveries from
a locker within a certain radius, and those who have the flexibility to either receive deliveries at
home or pick them up from a locker. Deliveries are handled by a fleet of homogeneous vehicles,
and the objective involves three types of costs: a fixed cost for each vehicle used, travel costs, and
a compensation cost applied whenever a customer is assigned to a locker. While vehicle capacity
is not a constraint, the routes are restricted by a maximum duration, and each locker has a limited
capacity and can be visited at most once across all routes. To address the problem, the authors
proposed a MILP formulation, a matheuristic based on large neighborhood search (LNS), and an
iterated local search algorithm.

Grabenschweiger et al. (2021) introduced the Vehicle Routing Problem with Heterogeneous
Locker Boxes (VRPHLB), which incorporates the concept of a locker box station. At such stations,
multiple slots of varying sizes are available. If a customer receives more than one parcel, the parcels
can either be consolidated into a larger slot or distributed across several smaller slots. Therefore,
in addition to routing and assignment decisions, the VRPHLB also involves determining how to
pack the customers’ parcels within the locker box station. To solve the variants pf the problem
without and with package decision, the authors developed MILP formulations and a metaheuristic
algorithm.

Buzzega and Novellani (2023) introduced the VRPLTW, which is one of the problems ad-
dressed in this paper. The VRPL can be viewed as a generalization of the VRPPSDL as all
VRPPSDL characteristics are encompassed by VRPLTW as well the following characteristics is
considered: the vehicles are capacitated and the assignment costs are not necessarily identical
as it happens for VRPPSDL. To solve the problem, the authors proposed MILP formulations
that were applied to VRPLTW as well to more three variants: a variant without time windows
constraints, a variant with a single route, and a variant with a single route and without time
windows constraints. They also adapted their formulations to solve VRPPSDL instances and
instances from the problem proposed by Jiang et al. (2020).

DellAmico et al. (2023) presented a variation of the pickup and delivery routing problem that
incorporates time windows and the use of lockers. In this problem, customers can receive their
deliveries either at home, using one of the available capacitated trucks, or through self-service
lockers, which offer a more flexible option. Couriers are tasked with both delivering parcels and
collecting returns during their routes. Returned packages may either be retrieved directly from
customers’ homes or from lockers. Customers have the choice to opt for home delivery, self-service
at nearby lockers with a discount, or leave the decision to the logistics company. All services must
be completed within specified time windows. To solve the problem, the authors presented three
formulations, two branch-and-cut algorithms, and some valid inequalities.

Boschetti and Novellani (2024) introduced a VRP with lockers where, in addition to being
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directly served or assigned to a locker, customers can also be served by a drone carried on the
truck. The authors proposed four different formulations, and for one of them, they developed a

branch-and-cut algorithm.

3. The problems

The Vehicle Routing Problem with Lockers and Time Windows (VRPLTW) and the Vehicle
Routing Problem with Lockers (VRPL) are defined on a complete undirected graph G = (V, E).
The set of vertices V is partitioned into V' = {0} U Vi U V, where 0 represents the depot,
Vo ={1,2,...,n} denotes a set of n customers, and Vi, = {n+1,n+2,...,n+m} signifies a set
of m available lockers. Each vertex i € V is associated with a time window [a;, b;] and a service
time st;. Each customer ¢ € Vo is linked to a positive demand d;, and for each edge e € E, there
exists an associated cost and traversal time, denoted by c. and t., respectively.

To serve the customers, there is an unlimited fleet of homogeneous vehicles, each with a
positive capacity (). Each customer ¢ € Vo can either be visited directly or assigned to a locker
! € V1, which generates an assignment cost f/,. Each locker | € V7, has a service capacity v; and
a coverage radius Ry, such that a customer ¢ € Vi can only be assigned to locker [ if ¢;; < R;. In
this context, for a given locker I € V1, we define ~; as the set of customers that can be assigned
to locker I.

The objective is to define routes that start and end at the depot while assigning customers to

lockers, in accordance with the following constraints:

e Every customer i € Vo must either be directly visited by one of the routes or assigned to a

locker | € Vi, that is visited by one of the routes such that i € ;.
e No locker can be visited more than once, even by different routes.

e The number of customers assigned to a locker I € V, must not exceed its service capacity

V.

e For each vehicle, the sum of the demands of the customers it visits directly, combined with

the demands of customers assigned to lockers it visits, must not exceed the vehicle’s capacity

0.

e A vertex i € V can only be visited within its time window [a;, b;], including the depot. This

constraint is not applicable to the VRPL.

The routing and assignment decisions aim to minimize the total traversal cost in addition
to the total assignment cost. The Vehicle Routing Problem with Private and Shared Delivery
Locations (VRPPSDL) is very similar to the VRPLTW, with three key differences:

e There is no capacity constraint for the vehicles (Q = +00).
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e The assignment costs are constant (f/, = f]{k, for i,j € Vo and I,k € Vp).

e The total number of routes is also minimized in the objective function.

To illustrate the problems, we propose a toy instance, Example 1, with |Vo| = 4, |VL| = 2,
Q@ = 3 (with @ = +oo for VRPPSDL), and v5 = 15 = 2. Assume that the coverage radius of the
lockers is defined such that 75 = {1,2} and v = {2,3}. Additionally, consider that all demands
are unitary and that there are no time window constraints. Figure 1 illustrates three examples
of feasible solutions for Example 1, where the depot and customers are represented by circles,
and lockers are represented by triangles. In the first solution, no assignments are made, and two
routes are constructed, each visiting two customers. In the second solution, one of the routes
visits locker 5, to which customers 1 and 2 are assigned. In the third solution, one route visits
only customer 4 and returns to the depot, while the other route visits both lockers 5 and 6, with
customer 1 assigned to locker 5 and customers 2 and 3 assigned to locker 6. We highlight that
it is infeasible for the VRPL and VRPLTW to serve all customers with a single vehicle, as this

would exceed the capacity constraint.

D A

@
/\
@ ®

Figure 1: Example 1: illustration of feasible solutions.

4. VRPSolver models

A VRPSolver model consists of a Mixed Integer Linear Programming (MILP) formulation
that incorporates path variables within one or more directed graphs defined by the user. The
problem is solved using a generic BCP algorithm, where path variables are generated on demand
by solving pricing subproblems, modeled as RCSP problem over the defined graphs.

In this study, we propose two VRPSolver models for the VRPLTW /VRPL. In the first model,
each path variable encompasses both routing and assignment decisions. In the second model, each
path variable represents either routing or assignment decisions, but not both.

VRPSolver Model 1 is intuitive in that all information related to a given route (such as visited
customers/lockers and assignments made to visited lockers) is contained within a single path

variable. However, this integration can significantly increase the complexity of solving the pricing
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subproblems. To address this issue, VRPSolver Model 2 decomposes the visit and assignment
decisions into separate paths, obtained through different pricing subproblems.

While VRPSolver Models 1 and 2 can also be easily adapted to solve VRPPSDL, we demon-
strate how to derive a specialized VRPSolver model specifically for this problem based on these

models.

4.1. VRPSolver Model 1 (single path-generator graph)

Sections 4.1.1 and 4.1.2 present the path-generator graph and the MILP formulation that
constitute VRPSolver Model 1.

4.1.1. Path-generator graph for the VRPSolver Model 1

As mentioned, VRPSolver Model 1 includes path variables that encompass both routing and
assignment decisions. To generate these paths, we define the graph G’ = (V'; A), where V' =
{Vso,vsi} U{wvi | i € VN{0}YU{o | 1 € Vi U{d! | I € Vi,i € v}. Before presenting the set
of arcs A, we first define the constants (bf for each I € V;, and k = 1,...,|v], representing the
k-th smallest customer index considering all customers in ;. The set of arcs A is defined as
A=A1UAyUA3U Ay U A5 U Ag, where the sets Ay, Ao, Az, and A4 are defined as follows:

i Al = {(USouvi)a (USO,’UI), (/Uiavsi)7 (171,1132‘) 11 E VC,Z S VL}
L4 AQZ{(Uivvj)v(vjavi):i’jEV07i7éj}
o As={(vj,v):i€Ve,leV}

o Ay ={(v,v;): 1€V, ieV\{u}}

For the set As, we define two parallel arcs a?,; and a;;, foreach l € V and k = 1,..., |y, that

are defined as follows:

¢} .
. (v, 0,"), ifk=1
Qg Qe = gkt gk .
(o," ,9,"), otherwise.

[l
Finally, the last set of arcs, Ag, is defined as Ag = {(@fl ,01) : L eV}

The underlying idea of the graph is that each route, including assignments to visited lockers,
corresponds to a path in G’ that begins at v, and ends at vs. Thus, these vertices represent
the depot at the start and end of the route, respectively. Each vertex v;, with i € V¢, represents
customer ¢ being visited at their location; v; and v;, with | € V,, denote locker [ at the vehicle’s
entry and exit points, respectively; and f)li, for I € Vi and i € =, indicates the possibility of
assigning customer ¢ to locker .

In this context, the set of arcs A; represents possible arrivals at and departures from the depot,

while arcs As represent connections between customers. Arcs As and A4 denote arrivals at and
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departures from the lockers, respectively. The set of arcs A5 represents parallel connections afk
and ay;, arriving at vertex f)li, for some [ € Vi, and customer i € +;, to indicate whether customer
i is assigned to locker [ (using arc a;;) or not (using arc a;;).

Each vertex ¢ € V' is associated with a vertex in V' through the function o, defined as follows:
5(1) = 0if i = vgp 01 i = vgj; 0(i) = j if i = vj, i = ¥, or i = 0] for some I € V.

To ensure that the paths correspond to routes that satisfy the vehicle capacity and time
window constraints, two resources, denoted as 1 and 2, are created. Each arc a = (i,5) € A
is associated with the following consumptions g} and ¢2 for resources 1 and 2, respectively, as
follows:

1 dy(jy, £ 0(j) € Vo

q Lo =
(-9) 0, otherwise.

2= tay,a() T stay, if (i,7) € A\ (A5 U Ag)
el 0, otherwise.
Let p be a path in the graph G’ that starts and ends at the vertices vy, and vy;, respectively.
Let j € V' be any vertex visited along the path p. We denote the accumulated consumption of

resources 1 and 2 on the path p when visiting vertex j as Sjlm and S? . respectively, and define

o
their calculation as follows: S]{p = S?’p = 0 when j = vg,. For the casej SVhere J # Uso, let (i,7) be
the incoming arc to j on the path p. For resource 1, we define S}m = Sil,p + q(ll.’j). For resource
2, we define ng,p = max{Szp + q(2i7j), ag; . We say that p in G’ is resource constrained if Sj{p <Q
and SJZJD € lag(y), by(y)) for every j € p.

To illustrate G’, consider a small instance, Example 2, with [Vgo| = 2, [Vz| = 1, Q = 2,
v3 = 2, and 3 = {1,2}. For each edge e = {i,j} € E, the traversal times are given by
tio,1y = t{o2y = t{o,3) = t{1.3) = ty2,3) = 1 and 19y = 2. The vertices are associated with
the following time windows: [ag, bo] = [0, 3], [a1,b1] = [2,3], [a2,b2] = [1,3], and [a3, b3] = [0, 3].
We consider st; = 0 for ¢ = 0,1,2,3. It is important to note that we are omitting routing and
assignment costs. Finally, we define unitary demands for the customers: d; = dy = 1.

Figure 2 illustrates the resource consumption over the graph G’ for Example 2. The values of
q1 and go on each arc represent the resource consumption of resources 1 and 2, respectively, for
the corresponding arc. The time windows of the vertices are indicated in brackets. Additionally,
the arcs in red and blue illustrate two resource-constrained paths. These paths correspond to a
feasible solution for the proposed Example 2, constructed from two routes: (i) visiting customer
1 at home and returning to the depot, and (ii) visiting Locker 3, to which customer 2 is assigned,
and returning to the depot. It is noteworthy that assignment decisions were made in the blue
path, which visited Locker 2. Customer 1 is not assigned as arc ag; is traversed, while Customer

2 is assigned to Locker 3, as arc aéz is traversed.
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[2,3]

[1,3]

Figure 2: Example 2: illustration of resource consumption on G'.

Figure 3 illustrates the feasible solution associated with the two paths highlighted in Figure

Figure 3: Example 2: a feasible solution.

4.1.2. MILP Formulation for the VRPSolver Model 1

Let P be the set of resource-constrained paths in G’. For each path p € P and each arc a € A,
let af, denote the number of times the arc a appears in the path p. For each vertex i € Vo U V7,
let 6(i) represent the set of edges in E adjacent to i. We now present the formulation used by
the proposed VRPSolver Model 1. The formulation considers the following variables: for each
edge e € E, we define an integer variable x. indicating the number of times edge e is traversed.
For each locker | € L and for each customer j € 7;, we define a binary variable y;; indicating
whether customer j is assigned to locker [ (y;; = 1) or not (y;; = 0). Additionally, for each locker
| € Vi, we define a binary variable ¢; to indicate whether locker [ is visited (¢, = 1) or not (t; = 0).

Finally, for each path p € P, we define the integer variable ), to indicate how many times the



Cadernos do LOGIS-UFF L-2024-5 10

resource-constrained path p appears in the optimal solution. The formulation is as follows.

Min Z Cee + Z Z f'ilyil (1&)

ecE leVy, i€y

St ) wet Y 2y=2 vj € Ve; (1b)
e€d(j) l:j€m
>z =2 vl e Vi, (1c)
e€d(l)
Yit <t VieVy,ieny; (1d)
Z Yjt < v Vi e Vi; (le)
Jem

Te = Z Z ab | Ay Ve € F; (1f)

pEP \aeM(z.)

=Y [ Y oanlx Vie Vi (1g)

pEP \aeM(t;)

va=>_ | Y. o Vi€ Vg,i€qy; (1h)
pEP \aeM(yy)
0< > A <IVel (19)
peP
Te € Ly Ve € F; (13

ya € {0, 1} VI € Vi,i € v (1k
t; € {0,1} Vi e Vi, (11
Ap € Zy Vp € P. (Im

The objective function (la) aims to minimize the sum of the total traversal cost and the total
assignment cost. Constraints (1b) ensure that each customer j € Vi is either served at home or

through an assignment. Specifically, if Y 1z, = 2, then customer j is served at home, whereas
e€d(4)
if Y 2yj =2, customer j is served via an assignment.
lE[:j
Constraints (1c) ensure that the degree of a locker | € Vi, equals 2 if the locker is visited

(t; =1) or equals 0 if it is not visited (¢; = 0). Constraints (1d) ensure that a given customer can
only be assigned to a locker if that locker is visited by some route. Constraints (le) guarantee
that the total demand assigned to any locker does not exceed its capacity.

Constraints (1f), (1g), and (1h) respectively relate the variables z, ¢, and y to the variables .
This relationship is defined by a mapping function M, which is specified for each variable z, ¢,
and y such that M (z) C A, M(t) C A, and M(y) C A.
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Specifically, M must be defined to ensure that the value of each variable z., ¢;, and y; is
determined by the number of times the arcs in M(z.), M(t;), and M (y;) are utilized by the
paths in the solution. Defining the correct mapping function is a crucial task for the modeler

within the VRPSolver framework. For each variable xz(; ;), we define M (x(; ;) as follows:

ihj),

{(vs0,v5), (vj,vs)} Ifi=0,j € Vi
{ vsoavj))

(
(
{(vi,v5), (vj,v3)} if i, 5 € Vo (2)
(
(

T

ﬁj,vsi)} ifi=0,5€Vg

{ Ui,’Uj), (ﬁj,vi)} ifi e Ve,7 €V

M(z ;) =
\{ @i,vj), (’Uj,Ui)} if 1,] € %3

For the variables y and ¢, we define M(y;) = {a},}, where ¢f =i, and M(t;) = {a}},a;; }-
Constraint (1i) establishes a lower and upper limit for the number of paths (routes) utilized in
the solution. The remaining constraints ensure the domain of the variables.

Figure 4 illustrates the mapping function on G’, where, on each arc of this graph, we indicate

the variables that are part of the mapping set for that arc.

@

% 2
—
g
Y13, 3 Yo3 -
/ 03
/X, o [0si]
03 ;
3
S
I
!2;9(5) rsﬂib

Figure 4: Example 2: illustration for mapping function on the graph G’.

4.1.8. The generic BCP algorithm
The VRPSolver employs a generic BCP algorithm based on the path-generator graph, the

mapping functions, and the MILP formulation defined by the modeler. The framework solves a
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formulation that exclusively utilizes path variables A\, where the variables x, ¢, and y are replaced
according to equations (1f), (1g), and (1h), respectively. The path variables A\ are generated on
demand by solving a pricing subproblem, which constitutes a RCSP problem on G’. Branching
on the variables x, ¢, and y is employed to close the primal-dual gap.

To utilize advanced BCP elements, specifically ng-path relaxation and limited-memory rank-1
cuts, the user must define what are known as packing sets. We briefly define packing sets here to
ensure the paper is self-contained. For further details regarding packing sets, we refer the reader to
Pessoa et al. (2020). A set S C A is considered a packing set if the arcs in S appear at most once in
all paths that are part of some optimal solution. To activate the advanced BCP elements, the user
must define P C 24, a collection of mutually disjoint packing sets. The inclusion of more arcs from
A in some packing set enhances the performance of the algorithm. For the proposed VRPSolver
model, we define P = PcUPy, where Po = ey, {{(i,j) : j = v }U{af, = (i,7) 1 1 € Vi, j = 0F}}
and P, = Ujey, 1{(4,7) : 5 = w}}. In other words, we define a packing set for each customer
¢ € Vo composed of all arcs in A that represent the customer being directly served or assigned
to some locker, as well as a packing set for each locker [ € Vi, composed of all arcs in A that

represent arrivals at this locker.

4.2. VRPSolver Model 2 (multiple path-generator graphs)

The VRPSolver Model 2 separates routing and assignment decisions into distinct paths. Specif-
ically, this model utilizes a path-generator graph to represent routing decisions and employs a
different path-generator graph for each locker [ € V7, to represent assignment decisions associated
with that locker.

4.2.1. Path-generator graphs for the VRPSolver Model 2

For routing decisions, let G = (V", A"), where V" = V' \ {8! : | € Vp,i € v} and A" =
Ay UAU A3 U Ay U Ay, The sets Ap, Ao, Az, and Ay were defined previously, while A7 contains
a set of parallel arcs for each locker [ € L that differ from each other by a third index k, which
varies in D;, where D; represents the set of demands that can be assigned to locker [ given its
capacity v;. Formally, A7 = {(v;,7;,k) : | € Vi,k € D;}. To ensure the vehicle capacity and
time window constraints, we also define two resources Ry and Ry over G", as outlined in Section
4.1.1. For these resources, the consumption over arcs in Ay, As, As, and A4 remains consistent
with the definitions provided in Section 4.1.1. For each arc a = (v;, v, k) € Az, we define the
consumption ¢; = k and the consumption ¢> = 0. The definition of resource-constrained paths
over G" mirrors that presented for the graph G’. Figure 5 illustrates the resource consumption

over G" for Example 2.
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Figure 5: Example 2: illustration of resource consumption on the graph G”.

Let [ € VI, be a locker and p be a resource constrained path over G". Note that p indicates the
total demand that is assigned to [ through arcs in A7, but p does not indicate which customers are
assigned to [. To consider these decisions, we define a path-generator graph G! = (V!, A!), for each
| € V,, in the following way. The set of vertices V! is defined as V! = {v;, 0, U{o{ : 1 € Vp,,i € v}
while the set of arcs A! is defined as A' = As U Ag, where the sets As and Ag were defined in
Section 4.1.1. Each graph G!, for I € Vy, is built in a way that there is a single node f)li for each
customer ¢ € ;. Besides there are two parallel arcs a;,; and ag;, arriving to @f, where gbf =14. The
idea is that when afz is traversed by a path then the customer ¢ is being assigned to the locker
[. On the other hand if a;; is traversed then the customer 7 is not being assigned to the locker I.

Figure 6 illustrates the graph G? for the proposed Example 2.
source ij @C/\ : ij sink
Figure 6: Example 2: illustration of the graph G'.

Figure 7 illustrates the paths associated with the feasible solution presented in Figure 3 for

the proposed Example 2. These paths are highlighted in red and blue.
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Figure 7: Example 2: paths associated with the feasible solution shown in Figure 3

4.2.2. MILP Formulation for the VRPSolver Model 2

Let P" and P! denote the sets of resource constrained paths over graphs G” and G', respec-
tively. The MILP formulation employs the variables x, y, and ¢t defined in the VRPSolver model
1. Additionally, the formulation includes a binary variable zlk for each locker [ € Vi, and k € Dy,
which indicates whether the total demand assigned to locker [ is equal to k (2f = 1) or not
(zF =0).

Regarding path variables, the formulation uses a variable A for each resource constrained path
p € P, representing the number of times this path appears in the optimal solution. Similarly, the
formulation uses a variable /\Ilg for each locker [ € V;, and each resource-constrained path p € P!,
representing the number of times this path appears in the optimal solution. The formulation is

as follows.

Min (1a) (3a)
S.t.(1b), (1¢), (1d), (1e), (1j), (1K), (11); (3b)
> ke = dia Vi€ Vi; (3¢)

keD; i€y
d <t Vie Vi (3d)

keD;
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ze=> [ Y o] (3e)

t=> [ DY an|x vie vV, (3f)

Vil = Z Z fe%4 )\;J VieVy,ieny; (3g)
peP! \a€M(yi1)

=31 > | VI € Vi, k € Dy (3h)
PEP” \a€M(zf)

0< ) M < [Vels (3i)

peEPT

Z )\é =1 leV; (3)

peP!

2F € {0,1} Vi eV, k€D (3k)

Ay € Zy Vp € P"; (31)

Noezy vl e Vy,pe P (3m)

The formulation (3) is similar to the formulation (1). The main difference between these
formulations is that in formulation (3), we require the constraints (3c) to ensure the correct
relationship between the variables z and y. The constraints (3d) prevent a locker from being
assigned two different demand values. Moreover, in formulation (3), for each variable z, y, t, and
2z, we must define the mapping function M according to the arcs from the graphs G” and G!, where
[ € Vi. For each variable z., e € E, we define M (z.) with the same definition as in equation
(2), but considering the set of arcs A". Similarly, for the variables y and ¢, we also consider
M (yq) = {a;;.} and M(t;) = {a}}, a;; }, as was done for VRPSolver model 1. The difference is that
a;%, a,, € Al. Finally, for the variables z, we define M (zlk) = {(v,v1, k) }. Figures 8 illustrate the
mapping over the graphs G™ and G, respectively, regarding Example 2.
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Figure 8: Example 2: illustration for the mapping on the graphs G" and G

For the VRPSolver model 2, the packing sets are defined in the same way as for VRPSolver

model 1.

4.8. A specialized VRPSolver model for the VRPPSDL
For the VRPPSDL, both proposed VRPSolver models 1 and 2 could also be easily adapted

to solve it. However, we propose a specialized VRPSolver model based on VRPSolver Model 2
that explores two specific characteristics of the VRPPSDL: there is no capacity constraint for the
vehicles, and there are fixed costs for assignments. The proposed specialized VRPSolver model
for the VRPPSDL uses a single path-generator graph G™, which is similar to G". The differences
between these graphs are as follows: we do not consider resource 1, and we do not construct
parallel arcs in G”', as these are used solely to guarantee the vehicle capacity constraint. Instead
of using parallel arcs between the nodes v; and v; for each [ € Vj,, the graph G"' considers a single
arc that is used solely to identify whether the locker [ is visited or not.

In the MILP formulation, we do not consider the variables z, as they are used only to guarantee
the vehicle capacity constraint. Additionally, we can relax the variables y due to the following
property: if the variables x and ¢ have integer values, then the remaining assignment problem to
calculate the values of the variables y is equivalent to a transportation problem where the set of
sources consists of all the lockers visited by some route according to the values of the variables t,
while the set of customers includes all customers that are not directly visited at home according
to the values of the variables x. This property is particularly important for avoiding symmetries

that would arise due to the fixed assignment costs in the VRPPSDL. The mapping function used
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for the variables x and t is the same as that used in VRPSolver model 2, but it is applied over

the arcs from G .

Figure 9 illustrates the consumption of resource 2 and the mapping on G" for the proposed

Example 2.
2
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Figure 9: Example 2: illustration for the Resource Consumption and Mapping on graph G".

Let P" denote the sets of resource constrained paths over graphs G"'. The MILP formulation
for the VRPSolver model specialized for the VRPPSDL uses an integer variable ), indicating how
many times p appears at optimal solution. Besides the formulation uses the variables x, ¢ and y

defined before. The formulation follows.

Min Z xoi + Z Cee + Z Z favi (4a)

S %e181%5 eck leVy, ey
S.t.(1b), (1c), (1d), (1e), (1j), (11); (4b)

Te = Z Z ab | Ap; (4c)

pePr’ \a€EM(ze)

=Y | D ol Vi e Vi; (4d)

pePr’ \a€M(t;)

0< ) A< Vels (4e)
pEPT'
0<yy<1 VI e VL,i€y; (4f)

A\p €7y Vpe P (4g)
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For the formulation (4), the objective function (4a) is very similar to the function (1a), but it
additionally accounts for minimizing the number of vehicles used in the solution. The constraints
in this formulation are also closely aligned with those proposed for the VRPSolver models 1 and
2.

For the specialized VRPPSDL VRPSolver model, the packing sets are defined as P = PcUPr,
where Po = U ey, {{(4,7) : § = vc}} and Pr = Uy, {{(4,5) : = v} }. In other words, we define
a packing set for each customer ¢ € Vo and for each locker | € V7, consisting of all arcs in A that

represent a direct visit to this customer or locker.

5. Computational Experiments

In this section, we present a series of computational experiments to illustrate the robustness of
the proposed models. All experiments were conducted on a computer equipped with an Intel Core
i7-10700 processor running at 2.90 GHz and 16 GB of RAM. The operating system utilized was
Ubuntu, and the BCP algorithms were implemented within the VRPSolver v0.4.1a framework
(https://vrpsolver.math.u-bordeaux.fr/). All instances and VRPSolver models used in this
paper are available online at https://github.com/mcroboredo/VRPLTW-VRPPSDL.

5.1. Results on VRPLTW/VRPL instances.

For the VRPLTW and VRPL, we follow the approach of Buzzega and Novellani (2023) and
utilize the instances proposed by Jiang et al. (2020), which were generated by incorporating locker
vertices into the benchmark instances of the Traveling Salesman Problem with Time Windows
(TSPTW). Specifically, the original instances are divided into two sets: the first set features
time windows with a width of 20, initially proposed by Dumas et al. (1995), while the second
set has time windows with a width of 100, introduced by Gendreau et al. (1998) based on the
instances from Dumas et al. (1995). Each set contains 10 instances. Following Buzzega and
Novellani (2023), we generated distinct VRPLTW/VRPL instances as follows. The locations of
the depot and the customers remain identical to those in the original TSPTW instances. For the
lockers, we set |Vi,| = ('Y—S'L and they are added to the first |V | vertices using the following set
of coordinates: (25,0), (12,5), (37,5), (12,5), (37,5), (12,5), (25,0), (37,5), (25,0), (25,0), (12,5),
and (0,0). Furthermore, the demand of each customer is unitary (d; = 1,Vi € Vo). The cost ¢
and traversal time t. for each edge e € E of the graph are determined by the Euclidean distance
between the points, rounded to two decimal places. The cost fj; of assigning a customer j € V¢
to a locker | € VL, is given by f;; = 0.5 X ¢(;;). These instances do not account for service times.
For each instance, and for each locker | € Vi, we have R; = 20 and v; = 5. The time windows
for the depot and customers remain as in the original TSPTW instance, whereas for each locker

I € VL, the time windows are set as [a;, b] = [ag, bo]. The vehicle capacity is defined as Q@ = [ ].


https://vrpsolver.math.u-bordeaux.fr/
https://github.com/mcroboredo/VRPLTW-VRPPSDL
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5.1.1. Comparison with Buzzega and Novellani (2023)

The exact methods proposed by Buzzega and Novellani (2023) were tested on the VR-
PLTW/VRPL instances described earlier, with a time limit of 7200 seconds. To ensure a
fair comparison, we evaluated the single-thread performance of the processors used in this
study against that of the processor utilized in the referenced work via the website https:
//www.cpubenchmark.net/. Based on this comparison, we divide each literature time by 1.4
and set a time limit of 5142 seconds (= 7200/1.4) for our experiments in this subsection. Each
instance tested in this subsection was executed in two sequential rounds. In the first round, the
proposed model was tested without providing any valid upper bound. In the second round, the
best cost obtained from the first round was used as an initial upper bound.

Table 1 presents a comparison with the literature for VRPLTW /VRPL instances with |V | =
20,40,60. The instances are grouped by variant (VRPLTW or VRPL) and by the number of
customers. The following headers are used for the columns. The columns Variant and |V|
indicate, respectively, the variant and the number of customers associated with each group of
instances. The column #Inst indicates the number of instances in the group. The column
Average Time (s) represents the average solution time in seconds, considering all instances in
the group. For unsolved instances, the time limit is used in the calculation of the average. The
column # Opt represents the number of proven optimal solutions obtained within the time limit.
The column Literature reports the results obtained by the best exact method proposed by Buzzega
and Novellani (2023), while the columns This work Without UB and This work With UB present
statistics obtained by the proposed model without and with the use of an initial upper bound.

Upon reviewing Table 1, we observe that only the Proposed VRPSolver Model 2 outper-
forms the best literature model in both computational time and the number of optimal solutions
obtained. Additionally, VRPSolver Model 2 exhibited strong computational performance even

without using an initial upper bound.

5.1.2. Statistics of VRPSolver model 2 for additional VRPLTW/VRPL instances.

We generated additional VRPLTW /VRPL instances by varying the number of lockers |V7| in
the set {2,4,6,8,10}. Table 2 presents the statistics for the proposed VRPSolver Model 2 with
upper bounds for VRPLTW /VRPL instances with |V¢| = 40,60. The instances were categorized
based on the combinations of (|V¢|, |VL|), while detailed statistics for each instance are provided
in Appendix Appendix A. A time limit of 18,000 seconds was imposed for these experiments.
For each category of instances, we report the following metrics: the number of instances in the
corresponding group (Column #Inst.), the number of optimal solutions identified within the time
limit by our method across all instances in the group (Column #opt.), the average percentage
gap between the best upper bound value and the lower bound at the root node for all instances
in the group (Column Avg. Gapy(%)), and the average total processing time in seconds for all

instances in the group (Column Avg. Time(s)). In calculating the average time, a value of 18,000


https://www.cpubenchmark.net/
https://www.cpubenchmark.net/
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VRPLTW VRPL

Avg. Avg. Avg. Avg.

(IVel,|VL])  #Inst. #opt. Gapo(%) Time(s) #opt. Gapo(%) Time(s)
(40,2) 10 10 0.7 8.3 10 1.4 15.1
(40,4) 10 10 1.5 8.1 10 0.6 30.4
(40,6) 10 10 2.9 551.8 10 2.5 64.3
(40,8) 10 9 3.7 1878.1 10 4.0 209.9
(40,10) 10 10 4.2 615.5 10 4.4 922.0
(60,2) 10 10 11 1547 10 12 402.6
(60,4) 10 10 1.3 224.6 10 1.8 1143.4
(60,6) 10 10 2.3 2380.7 10 2.7 1704.3
(60,8) 10 9 2.6 6079.1 9 3.5 5172.0
(60,10) 10 7 3.6 6523.1 9 4.4 4369.6
Global 100 95 2.4 1567.1 98 2.6 1403.4

Table 2: Results of our approach over VRPLTW /VRPL instances with 40 and 60 customers.

seconds is used for instances that were not solved to optimality.
By analyzing Table 2, we observe that the proposed method solved 193 out of the 200 tested
instances to optimality. Furthermore, we note that the instances become more challenging as the

number of customers increases or the number of lockers increases.

5.2. Results on literature VRPPSDL Instances.
The benchmark instances from the VRPPSDL literature were generated by Mancini and

Gansterer (2021) in the following manner.The instances are grouped into three sets based on
the number of customers (25, 50, or 75), with each set containing 10 instances. Each of the 30 in-
stances includes five lockers. Customers are randomly placed within a predefined area represented
as a 10 x 10 km square. The depot is located in the southern part of this area, while the lockers
are strategically positioned in the southeast, southwest, northeast, northwest, and center. A time
horizon of 720 minutes is considered for all instances, divided into 12 time slots, each lasting 60
minutes.

For each edge e = (i, j), the travel cost ¢, and travel time t. are defined as ¢, = t. = 3 x distij,
where dist;; represents the Euclidean distance between points 7 and j. Each customer has a
service time of 5 minutes, and each locker has a fixed service time of 10 minutes. The assignment
cost for each locker [ and customer i is fixed at f;; = 5. For each customer i € Vi, the demand
is unitary (d; = 1,Vi € V). For each locker | € Vi, the value of R; is equal to 15. Regarding
the capacities of the lockers, four have the same capacity, while one locker has a larger capacity,
enabling routes that exclusively visit lockers to be feasible.

Table 3 presents a comparison between the VRPSolver model proposed in this paper and the
best formulations available in the literature for the 30 benchmark VRPPSDL instances. The table

includes the following columns: The column Inst. represents the identifier of the corresponding
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Vel =25 [Ve| = 50 Vel =175
Time(s) Time(s) Time(s)

This This This

Inst.  wb* Lit. paper ub*  Lit. paper Lit. paper
1 16137 0.3 0.1 266.80 197.3 18.1 356.34 691.4 150.3
2 166.63 16.8 0.9 26797 19.7 7.2 371.00 328.8 25.7
3 146.56 0.7 0.2 273.05 208.0 2.1 373.91 327.8 16.8
4 161.04 11.1 0.4 268.89 6.6 0.5 386.87 2571.4 19.1
5 15794 1.7 0.2 271.32 151.7 2.0 378.09 515.2 23.7
6 160.83 3.5 0.4 26832 16.8 0.8 376.93 2571.4 13.5
7 152,69 1.0 0.2 253.18 10.8 1.2 373.77 301.0 18.6
8 165.16 4.4 0.3 266.68 34.2 21.3 364.18 347.5 162.7
9 15154 1.0 0.2 26756 327.3 1.6 372.78 1313.0 22.4
10 15198 2.2 0.1 273.60 93.7 0.8 360.79 200.1 2.5
Avg 4.3 0.3 267.7 106.6 5.6 371.5 916.8 45.5

Table 3: Comparison with the literature for VRPPSDL instances.

instance, which varies from 1 to 10. The column ub* displays the optimal cost value for each
instance. The columns Time (s) Lit. and Time (s) This paper report the total CPU time in
seconds taken by the best literature formulation (considering all formulations proposed by Mancini
and Gansterer (2021) and Buzzega and Novellani (2023)) and by our method, respectively. Each
literature time is adjusted by a factor of 1.4 for consistency with the experiments detailed in
Section 5.1. It is important to note that the literature employs a time limit of 3600 seconds.
Therefore, when the literature time is reported as 2571.4 (= 3600/1.4), it indicates that the
instance was not optimally solved by any of the literature formulations.

Upon examining Table 3, we conclude that our approach outperforms the best formulations
available in the literature across all 30 tested instances. The maximum time taken by our method

for any single instance was 162.7 seconds.

5.2.1. Results on additional VRPPSDL instances

To generate more challenging VRPPSDL instances, we implement the following modifications
to the VRPLTW instances: we set the service time to 5 for each customer and 10 for each
locker; we establish a fixed assignment cost of 5 between each customer ¢ € Vi and each locker
[ € Vi, such that (f; = 5,7 € Vg,l € Vi); and we do not impose a capacity constraint on the
vehicles. All other parameters remain identical to those of the corresponding VRPLTW instances.
We generate 10 instances for each combination of (|Ve|,|VL]), where |Ve| € {80,90,100} and
VL] € {8,9,10}. The instances with 90 customers are generated by selecting the first 90 customers
from the corresponding VRPLTW instance with 100 customers.

Table 4 presents the results of our VRPSolver model on the proposed additional VRPPSDL

instances. The instances are grouped into sets of 10 based on the number of customers and
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the number of lockers; however, the Appendix B provides detailed statistics for each individual

instance. The column labels used are consistent with those in Table 1.

V| =8 V| =9 V| =10

Avg. Avg. Avg. Avg. Avg. Avg.
[Vo|  #opt. Gapy Time(s) #opt. Gapg Time(s) Fopt. Gapy Time(s)
80 10 1.9 176.5 10 24 425.7 10 2.5 319.2
90 10 2.3 2488.9 10 2.2 2323.7 10 2.2 1899.2
100 8 2.1 5997.3 9 21 39%41.1 8 2.2 4789.7

Global 28 2.1 2887.6 29 2.2 2230.2 28 2.3 2336.1

Table 4: Average statistics of our methdo for VRPPSDL instances with 80, 90, and 100 customers.

Upon analyzing Table 4, we observe that our approach optimally solved 85 out of the 90
tested instances. The five unsolved instances involve 100 customers. Furthermore, we note that
the instances become more challenging as the number of customers increases; however, this trend

does not necessarily hold true when the number of lockers increases.

6. Conclusions

In this paper, we study the VRPLTW and VRPPSDL, two VRP variants that incorporate
lockers. In both problems, each customer can either be visited directly by a route or assigned to
a locker. The key differences between these problems lie in factors such as time windows, vehicle
capacity, and fixed assignment costs.

For the VRPLTW, we propose two Branch-Cut-and-Price (BCP) algorithms implemented
within the VRPSolver framework. These algorithms generate path variables on demand by solving
RCSP problems over one or more directed graphs. One model integrates routing and assignment
decisions within a single path variable, while the other model separates these decisions into distinct
path variables.

For the VRPPSDL, we developed a specialized VRPSolver model based on the second model
proposed for the VRPLTW. This specialized model leverages specific characteristics of the
VRPPSDL: the vehicle capacity constraint is not enforced through a resource, and the assignment
variables can be relaxed. The latter is particularly important for avoiding symmetries that would
arise due to the fixed assignment costs in the VRPPSDL.

To demonstrate the robustness of the proposed models for the VRPLTW and VRPPSDL, we
conducted several computational experiments using benchmark instances from the literature for
both problems. The results show that the proposed methods outperform the best exact methods
from the literature for both VRPLTW and VRPPSDL, solving many instances to optimality
for the first time. We then generated additional instances, with up to 60 customers and 10
lockers for VRPLTW, and 100 customers and 10 lockers for VRPPSDL. The experiments on
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these additional instances demonstrated that our method was able to find optimal solutions for
most of them; however, some instances were not solved to optimality. These additional instances
and the computational results obtained in this work may serve as benchmarks for future heuristic
and exact methods for the problems.

As future work, we intend to study the polyhedron of these problems to identify cutting
planes capable of reducing the root node gap. This could potentially lower the computational

time required by the algorithms, enabling the solution of even larger instances.
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Appendix A. Results for each VRPLTW /VRPL instance with |V¢| € {40,60}.

Tables A.5, A.6, A.7, and A.8 present statistics of the proposed method for VRPLTW in-
stances with 40 customers, VRPLTW instances with 60 customers, VRPL instances with 40
customers, and VRPL instances with 60 customers, respectively. The following labels are used for
the columns. Column ub* reports the best cost found within 18,000 seconds of execution. Column
Gapo(%) indicates the percentage gap at the root node. Column Total Time(s) provides the total
CPU time in seconds consumed by the proposed algorithm. A time limit of 18,000 seconds was

imposed for each experiment.

Appendix B. Results for each VRPPSDL instance with |V¢| € {80,90,100}.

Tables B.9, B.10, B.11, present statistics of the proposed method for the aditional VRPPSL
instances with 80, 90 and 100 customers, respectively. The column labels used are consistent with
those in Tables A.5, A.6, A.7, and A.S8.



26

Cadernos do LOGIS-UFF L-2024-5

"SIOWOISND () YHM 90URISUT M T TJHA [O®S I10J SO1PSIPeIS Gy 9[qRT,

G619  C¥  P9E8C T'8BA8T L€ 76'98¢ 8'T1SS 6C  L696¢ T1'8 g1 TOGIE €8 L0 9T'EVE 3ay
V9IT ¢y G88IE €0€ g'e Gg'TcE 9’6 9T G9'1¢E 6°C ¢'T LLGSE T'T 00 €V0LE G 0cmOopu
€Lec €V 8Y9ILC CCE '€ 8G'TLE L°L €c €19 91 90 66'18¢ T'T T°0 9970 ¥ 0cmopu
'8¢y 8% 1I89.¢ 099 s 98'6L¢ L'€9 9¢ LT'T10€ C'TI1 Ve €06IE 01 00 606V € 0cmopu
00cT 9¢€ ¥816¢c 00T CF VLv6C 16 T'c €86¢0€ ¢'1 0T 607EE 8T 00 6616E ¢ 0cmoyu
¢'9Le 67 <cl'tce ¢eee T'¢ ¢e'0EE 6°€6 'y €Love 10 ¢'0  €6'98€ 01 00 €9'1eh T 0cmopu
P8IV GG 01°€4C 0°0008T 8'G ¢6'69¢ G0TT  9€  €989¢ €9 LT 6088¢ €9 VT ¢c0ce G 00TM0pu
L'8L 6'€ T€€9C 01 I'c vavIe 9V €T 99'¢lec ¢0 €0 1¢'e8¢ 0'¢ €0 LL66C T 00TMOpU
96Lc V€ ¢CI'vle SGE€IT  6C 0¢'8Lc SVIT 8¢ ¢908¢ ¢'8 8T ¢9'08¢ ¢0T1 6'T 92°6¢E €00TM0PU
869 €€¢ 909Lc LLE €€ 91°¢8¢ 61909 8F 69°€6C C6¢ 6'¢ 0L60¢ 899 ¢'€  G6'9CE T 00TMOTU
G'69c €T €998¢ €'6¢ Ve €9'98¢ 0'€S I'¢  16'80€ T°0T 8'C  6L0cE LT 00 6L°0cE€ T 00TM0pU
(s)owury, 0dnsn) .qn (s)owury, (%)0dns qn (s)owury, 0dpr) qn (s)owury, 0dnsn) qn (s)owury, 0dnr) qn oouR)SU[
re10T, e10T, [e10T, e300, e10T,
01 = |74 8 = |A| 9= |74l v = Al ¢ ="Al




27

Cadernos do LOGIS-UFF L-2024-5

"SIOWOISND ()9 YIM 9OURISUT M T TJHA [O®S I10J SO1)SIPeIS 19°y 9[qRT,

['€c89 9'€  CET9E 1°6L09 9T 89'89¢€ L'08€C €C 6LC8¢ 9Fcc €T 9¢S0v LPST  T'T  00°6¥¥ 3ay
L'€0cT €F T1¢08€ ¢98 91 €6'88¢ ¢'V8 8T L8G0V 97¢ L0 €1I'8cy 9'1¢ 0¢ 9L°€cS G 0cmogu
L'86 6'0 LT'I8E G'80T 60 LT'I8E 0°0T 70 06°S07 7'8¥ ¢'T  €CTvy 9Tc0T €¢ LT'CES ¥ 0cmOou
8'€8 9T ¥6'98¢ V'Llcc 91 19v6€ 6°€ET LT LLOOV 8CI G0 €LGIV 9€ 00 GL'89F € 0cmo9u
G'9€6T T'¢ VL86E 9661 LT ¢ccor 906 V'L 0c6cy 81v9 L'c 68797 ¥OVT  O'T L6'F8Y € 0cM09U
098 T'€ L6LVE 0°LCE6 0°€ 06'79€ C'TT €T  87'99¢ L€ 10 ¥8cLE TCIT €1 G8Gey T 0cmogu
89¥8E €T GVare GE8I9 ¢'¢ Ie'8ve 1611 ¥'¢ 9699 8¥08 C'€ 96°L6€ L'1¢T 9T GE€8Cy G 00TA09U
0°0008T €% 85°L9¢ 0°0008T T'¥ 16°0L& ¢087y 6'C¢ GC'I8E 0'T19 80 678V V'6¢ 60 8V'GPF ¥ 00TM09U
000081 8¢ T6°8¢E CTGOLT V'€ OV'IvE L'6€6C 8C TL0SE €€V 6'0 VERIE €'LC G0 GE'LLE €00TMO9U
0°0008T 98 P&'¥9€ G'€LG6 €T ¢G'L9€ C'9ERIT 67 08'6LE V'V6 9T 6€76E C'Ic L0 8¢VIV ¢ 00TM09U
6'GLc €€ 0£E€EE 0'8E L1 IT°L6€ 0°€0TE €€ 00T9€ 912G 8T 6909 88T ¢'T  8T'68¢ T 00TM09U
(s)owury, 0dnsn) .qn (s)owury, (%)0dns qn (s)owury, 0dpr) qn (s)owury, 0dnsn) qn (s)owury, 0dnr) qn oouR)SU[
re10T, e10T, [e10T, e300, e10T,
01 = |74 8 = |A| 9= |74l v = Al ¢ ="Al




28

Cadernos do LOGIS-UFF L-2024-5

"SIOWIOISND () YIM 9OURISUI TJHA [OLd I0J SO13STIRIS 11"V 9[qe],

0¢c6  ¥¥v L9€IT 660c 0¥ L0°99¢ €79 ¢'¢c  ¥8'L9C v0€ 90 ¥0'cle T°GT V'L €7'6.LC 3ay
6°6¢ €€e 119 79 e 11'9.8 9°¢ I'c T11'9.8 <6 00 119 L'L 9¢ 0V'88¢ G 0cmOpu
8€ET 69 GO'8VC 98¢ v G0'8¥¢ 76 6'T GO'8VCc L'V 00 LL09¢ €T 0'¢c ¢9'L9C ¥ 0cmopu
708L 9'¢ 90°€9¢ 0Crvl 89 60'89¢ T'66T 0'¢ €E€€LC T°G6 ¢  GET8C 9LI €T 8G'GRC € 0cmOpu
Ice 8¢ 9869¢ 9’8 8°€ 98'69¢ LTI 9¢ avaLe 19 ¢0 €108C 61 90 00C¢8¢ ¢ 0cmoyu
€8T 97  ¥L'68C ¥'80T  G'G 8T'V6C 1V 8'€ 8C'96C C'TI1 0¢ 0080¢ ¢V 6'0 7060 T 0cmOpu
¢qqT TG Ly'ove 99¢ vy Lyove 91 0 Lyove 80 V'L 007ve €L ¢'T  P894C G 00TM07U
0TS Ve GLaegc ol € 6€°L9C 6'9€ 6'T 6L19¢ 0OVI 00 69°¢9¢ 689 I'c  L6°¢LC ¥ 00TM0pU
L2506 9V LET9¢ 9169 GV LET9C 8'89¢  T'€  LET19¢ T¥IT 00 LET19C G€T V'L 687LC €00TM0PU
WA v'e  L819¢ 0°¢ 6T ¥9'79¢ 9'¢ g0 LT'99¢ €0 ¢0 €6'TLC T 00 6608¢ T 00TMOTU
6'8GL7 €9  Ty0Lc 08901 L'¥ ¥§0Lc G99 G'€  Gr'6lc €87 10 9T°€8C 6°¥¢ LT 69°€8¢ T 00TMQpu
(s)owury, 0dnsn) .qn (s)owury, (%)0dns qn (s)owury, 0dpr) qn (s)owury, 0dnsn) qn (s)owury, 0dnr) qn oouR)SU[
re10T, e10T, [e10T, e300, e10T,
01 = |74 8 = |A| 9= |74l v = Al ¢ ="Al




29

Cadernos do LOGIS-UFF L-2024-5

"SIOWOISND ()9 YIM 9OURISUI TJHA [OLd I0J SO13STIRIS RV 9[qe],

969y ¥'¥ 80CccE 0CLIG ¢'€ 6¢°€cE €VOLT L'C ¢l'Gce ¥EVPIT 8T AT'9¢E 9OV &1 CL'6GE 3ay
6°0LcG ¢'9 L6TEE TGIIE 6°C €L°CEE V€66 LT TLGEE €881 €T IL'GEE 0LV G0 ¢o'IveE G 0cmo9u
¢'LEE  T'c  99eee €E0y  TC Peeee €081 C'T VI'9EE 6°€€ 90 P¥I'9€E 9¥I €0 L9¢re ¥ 0cmo9u
L'G8YE €V LLLVE 67E0V 0T IL'6V€ ¢9¢6 0€ 9019 T¥68 ¥'¢ €9T149¢ 8C6T CT €8CLE € 0cMO9U
9'€88E 6'¢c 8R'IVE €6I8GT €€ Ieyve 1°LL0C L' €T9PE€ 90I¢h 9C¢ 0€09¢ 69€0C ¥'¢ 0€09€ T 0cmoou
['LEVS ©7  86'91€ L'1L9€ V'€ 86'9T€ 6°08¢ 0°€ 99°LI€ 8E€LT LT 99°L1€ ¥LIe €T GV I€EE T 0cmO9u
¢'9v9¢ L'V €9°L0€ €690¢ 9°€ €9°L0€ L96C 9C €9L0¢ T'cY 6'T T9°0T€ 9°00c §'T GLGIE G 00TA09U
€0IET 9¢ 8I'Tce LV0cc 9C Gv'vce 8'69L  9C  c¢6LcE TP8T  ¥T  08°6cE 0°0ST ST FPOEE ¥ 0014090
I'9L6T €S 6966 99€8T T1°G 9T'T0¢ G'€S 0€ 9I'10¢ T1°CE €T 9T'T10€ L9 00 8Z'E0E € 00TMO9U
0°0008T ¥'6 G0'cce 0°0008T 8'G L9°cce T09€TT 8F 98'8CE €'8€GG T'F  98'8CE G'G90T €C LEGCE T 00TMO9U
00T 9'€  G9¢'86C¢ 9'GLG 61 76°66¢ ¢'SIT 0T  ¥6'66C ¥'9¢I 80 V666 676 L0 ¥6°66¢ T 00T409U
(s)owury, 0dnsn) .qn (s)owury, (%)0dns qn (s)owury, 0dpr) qn (s)owury, 0dnsn) qn (s)owury, 0dnr) qn oouR)SU[
re10T, e10T, [e10T, e300, e10T,
01 = |74 8 = |A| 9= |74l v = Al ¢ ="Al




30

Cadernos do LOGIS-UFF L-2024-5

"SIOWIOISTD ()] YHM S9OUR)SUT T(ISIJHA Yo' I0J SO1ISTIRIS :6°¢] 9[qel,

G6IE  9'C LGcy Ve G9LT 61 3ay

0¢rr  L'¢ 00°L6v ¥V0T  ¥'C 00°L67 0°8¥ ! €T°00¢ G 0cmO8u
6'€89 €7 €CEYy 6°L9L €V €CeEvy ¢voe TV ECTVY ¥ 0gmosu
0L Ve 6V'VLY 8'CL '€ 6V'vLy 9°€0T  TC 6C° 187 € 0cmO8U
6°LL (S LC6LY €88 L'C LC6LV 8'€E 0T ¢v'087 ¢ 0gmosu
LL66T G'F CELLY V'LL6T V'V GE'LLY 9'8E0T €€ 19°6L7  T°0cmO8u
€qe ¢l LCTV6E  6°CE ¢l LCTv6E 07C al LTV6E G 00TMO8U
L6 €1 99'8€Y ¢'6 €1 998¢Y  §'9 ¢l 890V ¥ 00TA08U
L'8¢ I'1 L6°GEV T'VE | L6°GEV 919 0T L6°GEY € 00TMO8U
g'88 0'¢ VO'ETV 998 0¢ vO'€Ty L'GST  9°C Gg'GTy ¢ 00TMO8U
9'¢8 €1 ar'vey 966 €1 cr'vey  1°68 €1 Gr'vey  100TM08U
(s)owury, (%)0dns qn (s)owury, (%)0dns ,qn (s)owury, (%)0dns ,qn oouR)SU[

e,

e10],

re0T,

01 = |7A|

6 =74

8 = |74l




31

Cadernos do LOGIS-UFF L-2024-5

"SIOWOSND ()§ YHM So0UR)SUT T(ISIJIHA Uor I0J So1IsTie)s 01 ¢ 9[qel,

G'668T C'C L'€CEC  TT 6'887¢  €°C 3ay

€esve 1V o' LES €Glce TV V0 LES V'8EVE T'¥ 0LVPS G 0cmoeu
9°¢cy 8T gerTes 909 8T GETES 8'EC 80 76°G€G ¥ 0cMo6U
8°LE 61 6€°L1S G'CE 8T 6€° LTS V'8¥ 91 IL'1eS € 0cmoeu
I'eive ¢v 69°01¢ G'€919 ¢V 6G°0TG 6°€6LL CT 19°GT¢ ¢ 0cmo6U
879 LT €6'07S 8'86 LT €6°0vs Vel 91 GL'1G9S T 0cmoeu
0'Tce  0¢ oraey 1°L9¢ 0°C Gr'aey 6'90Lc 0°€ vO'Tvy G 00TA06U
9¢0T 01 avevy 9€IT 01 Gy'ery 889 0T Gy'evy 7 00TM06U
€'8980T LT cv6vy  CESSIT LT orery 9'¢8¢ 91 Gr6vy € 00TM06U
061 9’1 L8697V €7¢0E 9T L8697 €16 81 00°6LY ¢ 00Tx206U
9'0L6C  €¢C 09'79¥  L'650C  €'C 0979F  G'0086 6C €9°0Ly T 00TM06U
(s)owury, (%)0dns qn (s)owury, (%)0dns ,qn (s)owury, (%)0dns ,qn oouR)SU[

e,

e10],

re0T,

01 = |7A|

6 =74

8 = |74l




32

Cadernos do LOGIS-UFF L-2024-5

"SIOWOSND ()T YIM SOURISUT TASIJHA Uo®S I0J SO1ISIPeIS 1T1°¢( 9[qR],

L'68LV CC I'Iv6E  1°C €L66% T°C 3ay

L'199¢  ¢'€ L6'¥8G 99681 ¢C'€ €€'G8G ®'688L V'€ LG°G66S G 0gM00TU
6VLT 6T LC'€LS V006 61 GreLs 9vET ¢l G¥'6LG ¥ 0cm00TU
09¢c §C 88'F7LS ®TLT 070 c6'vLG 69TV 61 LE08SG € 0gM00TU
1’1989 ¢V ¢9'CSeG €°LC8S ¢ 0L24% 0°0008T 8'€ €C'99¢ ¢ 0cmo0Tu
G'€g 0T 6¢'c8¢ 0'1¢ 60 69°18¢ 0°LC g0 76°68¢ T 0gM00TU
1'6ev 91 8097y 1°08¢  G'T L6°697 <¢'109 C'¢C IT797 G 00TM00TH
G066 VI 8T'¢8y 0°T9IT 91 LTE8Y L'6CIT Q1 LT°E8Y ¥ 00TA00TU
0°0008T 9°T L6°¢6V  G'G6CIT 9T 6V'c6v L'CCIET G'T 6v'c6v € 00T200TU
go0s 971 G6¢cIg 0Ly LT €T 9099 81 ¢r91G ¢ 00TA00TU
0'0008T S§'C LL'867 0°0008T 8'C 80005 0°0008T L'€ ¢r'90§  T°00TM00TU
(s)owur], (%)0dns ,qn (s)owury, (%)0dns qn (s)owur], (%)0dns qn oouR)SU[

e,

re10T,

e,

01 = |74

6 =174

8 = |14l




	Introduction
	Literature review 
	The problems 
	VRPSolver models 
	VRPSolver Model 1 (single path-generator graph)
	Path-generator graph for the VRPSolver Model 1 
	MILP Formulation for the VRPSolver Model 1 
	The generic BCP algorithm

	VRPSolver Model 2 (multiple path-generator graphs)
	Path-generator graphs for the VRPSolver Model 2
	MILP Formulation for the VRPSolver Model 2 

	A specialized VRPSolver model for the VRPPSDL

	Computational Experiments 
	Results on VRPLTW/VRPL instances.
	Comparison with buzzega2023last
	Statistics of VRPSolver model 2 for additional VRPLTW/VRPL instances.

	Results on literature VRPPSDL Instances.
	Results on additional VRPPSDL instances


	Conclusions
	Results for each VRPLTW/VRPL instance with |VC| {40,60}. 
	Results for each VRPPSDL instance with |VC| {80,90,100}.

